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The main goal of this paper is to achieve a simultaneous treatment of the 
even and odd truncated matricial Hamburger moment problems in the most 
general case. In the odd case, these results are completely new for the ma- 
trix case, whereas the scalar version was recently treated by V. A. Derkach, 
S. Hassi and H. S. V. de Snoo [12j. The even case was studied earlier by 
G.-N. Chen and Y.-J. Hu [S]. Our approach is based on Schur analysis 
methods. More precisely, we use two interrelated versions of Schur-type 
algorithms, namely an algebraic one and a function-theoretic one. The al- 
gebraic version was worked out in a former paper of the authors. It is an 
algorithm which is applied to finite or infinite sequences of complex matrices. 
The construction and investigation of the function-theoretic version of our 
Schur-type algorithm is a central theme of this paper. This algorithm will 
be applied to relevant subclasses of holomorphic matrix-valued functions of 
the Herglotz-Nevanlinna class. Using recent results on the holomorphicity of 
the Moore-Penrose inverse of matrix-valued Herglotz-Nevanlinna functions, 
we obtain a complete description of the solution set of the moment problem 
under consideration in the most general situation. 
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1. Introduction 

The investigation of matrix versions of the Hamburger moment problem was initi- 
ated in the second half of the 1940's by M. G. Krein (see |351l36j). Mainly, based 
on new approaches (V. P. Potapov's method of fundamental matrix inequalities, re- 
producing kernel Hilbert spaces, Schur analysis) a renaissance of this topic could be 
observed in the last three decades (see e. g. the papers Kovalishina [33] , Katsnelson [321 
[55] . Dym [T7], Bolotnikov [7], Chen/Hu [9j and the monographs Sakhnovich [H] and 
Bakonyi/Woerdeman [5]). 

This paper continues the authors' investigations on matricial versions of the trun- 
cated Hamburger moment problem (see |19 y 2 H [2^). It was inspired by the recent work 
by V. A. Derkach, S. Hassi and H. S. V. de Snoo on indefinite versions of truncated 
moment problems in the class of scalar generalized Nevanlinna functions (see [12]). As 
a byproduct they obtained a result (see |12^ Corollary 5.2]) which seems to be new even 
for the odd truncated scalar Hamburger moment problem. More precisely, if n is a non- 
negative integer and if (■Sj)^"^^ is a sequence of real numbers such that the Hankel matrix 
Hn '■= [•5j+fc]"fc=o is positive Hermitian, then the set of Stieltjes transforms of all solu- 
tions of the Hamburger moment problem corresponding to the sequence (sj)^=o^ could 
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be parametrized with the aid of a hnear fractional transformation the generating matrix- 
valued function of which is a 2 x 2 matrix polynomial built from the sequence (sj)^"^^. 
The role of the set of parameter functions was taken by a particular subclass of the class 
of all functions which are holomorphic in the open upper half plane of the complex plane 
and have a non-negative imaginary part at each point. The study of such classes of 
holomorphic functions was initiated by I. S. Kats in ^31j and then continued by S. Hassi, 
H. S. V. de Snoo and A. D. I. Willemsma (see p8|l29]). Using several results originating 
in the just mentioned papers, V. A. Derkach, S. Hassi and H. S. V. de Snoo [12J were able 
to derive new Hamburger-Nevanlinna type theorems which played an important role in 
their approach to the moment problems for generalized Nevanlinna functions. Another 
cornerstone in the approach of V. A. Derkach, S. Hassi and H. S. V. de Snoo |12] is 
the application of the Schur-Chebyshev recursion algorithm, studied in the nondegen- 
erate situation by M. Derevyagin [13] (see also [2]). The main goal of this paper is 
to generalize the assertion of [121 Corollary 5.2] to the matrix case without assuming 
some conditions of nondegeneracy. Roughly speaking, our strategy to realize this plan 
is modelled in basic steps along the lines of the approach in |12] . We will use a lot 
of results from the recent paper [22] on various classes of holomorphic matrix-valued 
functions, which are generalizations of the scalar theory obtained in |28 p 29 t [3T]. A fur- 
ther basic element in our approach is to use new Hamburger-Nevanlinna type theorems 
for matrix- valued holomorphic functions which will be derived in Section [6l An other 
central feature of our approach is the use of Schur analysis methods. We will apply two 
interrelated versions of matricial Schur type algorithms, namely an algebraic one and a 
function-theoretic one. The algebraic version was worked out in |24] . It is an algorithm 
which is applied to a finite or infinite sequences of complex p x q matrices. An essential 
feature of this algorithm is that it preserves several properties of block Hankel matrices 
built from the sequences of complex q x q matrices under consideration (see Section [7|) . 
The construction and investigation of the function-theoretic version of our Schur type 
algorithm is a central theme of this paper. This algorithm will be applied to relevant 
classes of holomorphic matrix-valued functions in the open upper half plane. In the 
scalar case, this algorithm coincides with the classical algorithm which was constructed 
by R. Nevanlinna j37J in adaptation of the classical Schur algorithm for bounded holo- 
morphic functions, which is due to I. Schur |42j . The idea how to build the algorithm 
in the matrix case was inspired by some constructions in the paper by Chen and 
Hu. An essential point of our approach is an intensive use of the interplay between the 
function-theoretic and algebraic versions of our matricial Schur type algorithms. Both 
algorithms are formulated in terms of Moore- Penrose inverses of matrices. What con- 
cerns the function-theoretic version, it can be said that its effectiveness is mostly caused 
by recent results from [20l[22] on the holomorphicity of the Moore-Penrose inverse of 
special classes of holomorphic matrix-valued functions. 

In order to describe more concretely the central topics studied in this paper, we 
introduce some notation. Throughout this paper, let p and q be positive integers. Let 
N, No, M, and C be the set of all positive integers, the set of all non-negative integers, 
the set of all integers, the set of all real numbers, and the set of all complex numbers, 
respectively. For every choice of p, k G M U {— oo, +oo}, let Zp^^ := {k G Z|yO < k < k}. 
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We will write C^^'^, C^^'^, C?,^'^, and C^^'^ for the set of all complex p x q matrices, 
the set of all Hermitian complex q x q matrices, the set of all non-negative Hermitian 
complex q X q matrices, and the set of all positive Hermitian complex q x q matrices, 
respectively. 

We will use 5Sk to denote the cr-algebra of all Borel subsets of M. For all 0, G 'Bk \ 
{0}, let 5Sn := ^Br n Q. Furthermore, we will write A^>(M) to designate the set of 
all non-negative Hermitian qx q measures defined on QSr, i.e., the set of a-additive 
mappings fi: QSr — )• C> We will use the integration theory with respect to non- 
negative Hermitian q x q measures which was worked out independently by I. S. Kats [30j 
and M. Rosenberg |40j . For all j £ Nq, we will use Mlj{R) to denote the set of all 
a £ Ml, (M) such that the integral 



exists. Furthermore, we set Ml^^iR) := n^o-^>j(^^)- 

Remark 1.1. 11 k, I G Nq and k < I, then it can be verified, as in the scalar case, that 
the inclusion A^?> ,(M) C A^^ ^(M) holds true. 

The central problem in this paper is the truncated version of the following power 
moment problem of Hamburger type: 

Problem (M[M; (sj)^^g, =]). Let «; G Nq U {+00} and let (sj)j=o ^ sequence of 
complex qxq matrices. Describe the set A^>[M; (sj)^^Q, =] of all a G 7W> ^(M) for 

which s^^^ = Sj is fulfilled for all j € Zo,k. 

There is a further matricial version of the truncated Hamburger moment problem: 

Problem (M[M; (sj)^!^q, <]). Let n G No and let (sj)j"o ^ sequence of complex 
qxq matrices. Describe the set A^>[M; (sj)^"Q, <] of all a G 2n(^) which s^^'^ = 
Sj is satisfied for each j G Zo.2n-i whereas the matrix S2n.— •S2n non-negative Hermitian. 

The first investigation of Problem M[M; (sj)j"Q, <] goes back to I. V. Kovalishina [M] 
who used V. P. Potapov's method of fundamental matrix inequalities. In the nonde- 
generate case, she obtained in [SH Theorem T-l] a complete description of the Stieltjes 
transforms of the solution set of Problem M[M; (sj)^"oi — ] ™ terms of a linear fractional 
transformation. An extension of V. P. Potapov's method to degenerate situations was 
worked out by V. K. Dubovoj (see |14yi5j) for the case of the matricial Schur problem. 
Using a modification of V. K. Dubovoj's method. Problem M[]R; (sj)|"o) ^] could be 
handled by V. A. Bolotnikov (see [3 Theorem 4.6]) in the degenerate case. A common 
method of solving simultaneously the nondegenerate and degenerate versions of Prob- 
lem M[M;(sj)2^o,<] was presented by Chen and Hu in [9j. Their method is based on 
the use of a matricial Schur type algorithm involving matrix-valued continued fractions. 

What concerns the investigation of interrelations between the two moment problems 
under consideration, we refer the reader to the papers [U|I19|. A detailed treatment of the 
history of these two moment problems is contained in the introduction to the paper [19j . 





(1.1) 
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In order to state a necessary and sufficient condition for the solvabihty of each of 
the above formulated moment problems, we have to recall the notion of two types of 
sequences of matrices. If n G No and if (sj)|"Q is a sequence of complex q x q matrices, 
then (s_,)|^Q is called Hankel non-negative definite if the block Hankel matrix 

Hn ■= [Sj+k]'j,k=0 

is non-negative Hermitian. Let (sj)j^o ^e a sequence of complex q x q matrices. Then 
{sj)'^Q is called Hankel non-negative definite if (sj)|"o is Hankel non- negative definite 
for all n G Nq. For all k G No U {+00}, we will write T~L^2k ^ Hankel 

non-negative definite sequences (sj)|^Q of complex q x q matrices. Furthermore, for all 
n G Nq, let H^2n of sequences (sj)|!lQ of complex q x q matrices for which 

there exist complex qx q matrices S2n+i and S2n+2 such that (sj)^^o^^^ ^ ^^2(n+i)' 
whereas ^^2n+i stands for the set of all sequences (sj)^"^^ of complex q x q matrices 
for which there exist some S2n+2 G C'^^'' such that (sj)^^Q*^^^ G ^^2(n+i)' -^^^^ each 
m G No, the elements of the set H^^m are called Hankel non-negative definite extendable 
sequences. For technical reason, we set H^^'So '■= ^^00 • Now we can characterize the 
situations that the mentioned problems have a solution: 

Theorem 1.2 ([S] Theorem 3.2]). Let n G No and let (sj)|!lo be a sequence of complex 
qxq matrices. Then X|[M; (sj)^=0' <] / if and only if {sj)]^^ e ^J2n- 

For an extension of Theorem 11.21 we refer the reader to [191 Theorem 4.16]. This 
extension says that A4>[M; (sj)j"Q,<] 7^ if and only if this set contains a molecular 
measure (i. e., a measure which is concentrated on a finite set of real numbers). Now we 
characterize the solvability of Problem M[M; (sj)jLo' ~]- 

Theorem 1.3 ([21^ Theorem 6.6]). Let k G No U {+00} and let (sj)j=o a sequence 
of complex qxq matrices. Then A4>[M; (sj)j=0' =] / if and only if (sj)j=o ^ • 

Note that, in the case of an even integer k. Theorem 11.31 was proved in Chen/Hu [9l 
Theorem 3.1]. For the case that k = 2n with some non-negative integer n, Chen and 
Hu also stated a parametrization of the solution set of Problem M[M; (sj)^^Q,=] in the 
language of the Stieltjes transforms (see [9l Theorem 4.1]). The goal of our paper here is 
to give a parametrization of the solution set of Problem M[M; (sj)^^Q, =] in the case that 
K is an odd integer (see Theorems 112.41 and 112.8]) . As already mentioned above in the 
scalar case q = I, such a description of the solution set of Problem M[M; (sj)^Q, =] with 
odd integer m was given by Derkach, Hassi, and de Snoo [12\ Corollary 5.2]. During 
the work at the odd case we observed that a slight modification of our approach also 
works for the even case. For this reason, have worked out a simultaneous approach to 
the odd and even versions of the problem. In this way, we will also alternately prove 
the corresponding results in the case of an arbitrary even integer m (see Theorems 112.11 
and fT277D . 
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2. The Class 7^^(^+) 

For all A G C^^'^, let N{A) be the null space of A and R{A) be the column space of A. 
If A £ C^""?, then let Re^ := ^{A + A*) and Im^ := ^{A - A*) be the real part and 
the imaginary part of A, respectively. Let 

^9,> — e C^^lRe^ G ^} and Xg,> := {A G C?^"! Im^ G (2.1) 

If A and B are Hermitian complex q x q matrices, then we will write A > B or B < A 
to indicate that the matrix A — B is non-negative Hermitian, and A > B means that 
A — B is positive Hermitian. As usual, for all A G C^^*^, let A^ be the Moore-Penrose 
pseudoinverse of A. If ^4 G C^^'', then \\A\\ is the operator norm of A. The notation 
Iq (or short I) stands for the unit matrix which belongs to and Opx<j (or short 

0) designates the null matrix which belongs to C^^^. If is a non-negative Hermitian 
q X q measure on a measurable space (^2,21), then we will use £""^(0, 21, z^; C) to denote 
the space of all Borel-measurable functions / : $7 — )• C for which the integral j^fdu 
exists. Let n+ := {z G C| Imz G (0, +oo)} be the open upper half plane of C. Of central 
importance to this paper is the class 7^q(n+) of all matrix-valued functions F: n+ — t- 
C^xij which are holomorphic in n_|_ and which satisfy F{z) G Iq,> for all z G n_|_. The 
elements of 7^q(n+) are called q x q-matrix-valued Herglotz-Nevanlinna functions. For a 
comprehensive survey on the class 7^g(n+), we refer the reader to [27] and [HI Section 8]. 
Herglotz-Nevanlinna functions admit a well-known integral representation. To state this, 
we observe that, for all G A^>(M) and each 2; G C \ M, the function /i^ : M — t- C defined 
by h,{t) := ^ belongs to £i(M, 5Sm, i^; C). 

Theorem 2.1. (a) Let F G 7^g(n+). Then there are unique matrices a G Cpj^'^ and 
/3 G C^^"^ and a unique non-negative Hermitian measure v G A^>(M) such that 

F{z) = a + zf3+ I ^^^^ u{dt) for each z G n+. (2.2) 

(b) If a G C^'"', /3 G Cl""^ and u G Ml{R), then F:U+^ defined by (g^D 

belongs to the class TZg(n.+). 

For all F G 7^g(^+), the unique triple (a,/?,i/) G C^""^ x C|'"*' x A^|(M) for which 
the representation ()2.2p holds true is called the Nevanlinna parametrization of F and we 
will also write {ap, I^f^i^f) for {a,/3,i/). In particular, up is said to be the Nevanlinna 
measure of F 

Example 2.2. Let F:U+^ C^^^ be defined by F{z) := O^^xg- In view of Theorem [2Tl 
then F G TZq{U+) and {aF,l3F,i^F) = {Oqxq,Oqxq, Oq), where 0^: 5Sk C^^'? is given by 

Og{B) := Oqxq. 

Remark 2.3. Let F G 7^q(n+) with Nevanlinna parametrization {ap, (^f^i^f)- If the 
matrix /3 G C'^^'^ satisfies /Sp + f] G C>^'^, then Theorem 12.11 shows that the func- 
tion G: n+ defined by G{z) ■= F{z) + zp belongs to 7^g(^+) and satisfies 
(ac/^cz^c) = {ap^fSp + /3,up). 
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Remark 2.4. Let n G N and {pk)'k=i be a sequence of positive integers. For each k G 
"Li^n let Fk G 7^pj,(n+) and G <U'^^'^. Then it can be easily verified that F := 
^^^j^ 74^Ffc74fe belongs to TZqiJlj^) and satisfies 

(ra n n \ 

k=l k=l k=l J 

Proposition 2.5 (see [271 Theorem 5.4 (iv)]). Let F G 7^g(n+) with Nevanhnna 
parametrization {ap, (3f,i^f)- Then ap = Re[F(i)] and (3p = lim.y^^oo[-^F{iy)]. 

We are particularly interested in the structure of the values of functions belonging to 

Lemma 2.6. Let F G nq{U+). For each z G n+, then R{[F{z)]*) = R{F{z)), 
Nmz)]*) = NiF{z)), and [F(z)][F(z)]t = [F(z)]t 

Proof. This follows from Lemma lA. 91 and Proposition □ 

Proposition 2.7 ( [221 Proposition 3.7]). Let F G 7^^(11+) with Nevanlinna parametriza- 
tion [ap, /SfjUf). For all z G n+, then 

N {F{z)) = Niap) n Nifip) n iV (z^f(IR)) , 
R {F{z)) = Riap) + RiM + R (M^)) , 

and 

N (Ln [F(z)]) = NifSp) D N M^)) , R (Im [F{z)]) = Rifip) + R {vf{^)) ■ 

Proposition 12.71 contains essential information on the class 7^q(n+). It indicates that, 
for an arbitrary function F belonging to 7^g(n+), the null space N{F{z)) and the column 
space R{F{z)) are independent of the concrete point z G n_|_ and, furthermore, in which 
way these linear subspaces of are determined by the Nevanlinna parametrization 
{aF,PF,i^F) of F. 

In the sequel, we will sometimes meet situations where interrelations of the null space 
(resp. column space) of a function F G TZq(Il+) to the null space (resp. column space) 
of a given matrix A G C^^"^ are of interest. More precisely, we will frequently apply the 
following observation. 

Lemma 2.8. Let A G C^^"^ and let F G 7^g(n+) with Nevanlinna parametrization 
{ap, Pf, i^f)- Then: 

(a) The following statements are equivalent: 

(i) N{A) C N(aF) n N{^f) n iV(i/F(M)). 

(ii) N{A) C N{F{z)) for ah z G n+. 

(iii) There exists a number z G 11+ with N{A) C N{F{z)). 
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(iv) FA^A = F. 

(v) R{aF) + R{Pf) + R{vf{^)) ^ R{A*). 

(vi) R{F{z)) C R{A*) for all z G n+. 

(vii) There exists a number z G 11+ with R{F{z)) C 

(viii) AtAF = F. 



(b) Let[(I)]be satisfied. If p = g and if A G C|p^ then ylyl^i? = p and R{F{z)) C 



for all 2; G n_i 



Proo/. (jaj) '(ii) 



(i) 



(ii) 



(ii) 



IV 



VI 



(iii) 


1 




(iii) 



and 



VI, 



(vii) ' : These implications hold true obviously. 



Hence, 


(ii) 


and (vi) 


are e 




(v) 


=> (vi) ' and ' 


(vii) 



and ' (iii) => (i) ' : Use Proposition [2? 
' : This equivalence follows from part (jaj) of Remark IA.3I 
': Because of Lemma [T6] we have R{F{z)) = [N{F{z))\- 



for all z G n_|_. 



(vi) ^ (viii; 



(vii) => (v) ' : Use Proposition [27 



(jbj) In view of ^ G C^p'^, we have R{A*) = R{A) and, taking Proposition IA.8I into 
account, furthermore, AA'^ = A'^ A. Thus, dbj) follows from (jaj). □ 



A generic application of Lemma [2. 8 1 will be concerned with situations where the matrix 

> 



A even belongs to C^'' 



In our subsequent considerations we will very often use the Moore-Penrose inverse of 
functions belonging to the class 7^^(11+). In this connection, the following result turns 
out to be of central importance. 

Proposition 2.9 ( [22j Proposition 3.8]). Let F G IZqiJlj^) with Nevanlinna parametriza- 
tion {aF,PF,i^F)- Then -Ft G 7^g(^+) and a_^t = -[F(i)]taF([F(i)]t)*. 



3. On Some Subclasses of 7lq{U+) 

An essential feature of our subsequent considerations is the use of a whole variety of 
different subclasses of 7^g(n+). In this section, we summarize basic facts about these 
subclasses under the special orientation of this paper. The first part of these subclasses 
concerns objects which are already well-studied, whereas the larger remaining part deals 
with subclasses of 7^g(n+), which were introduced and studied very recently by the 
authors in [22]. The latter collection of subclasses are characterized by growth properties 
on the positive imaginary axis. It should be mentioned that the scalar versions of the 
function classes were introduced and studied in the papers |28 j [29 l [3T|. An important 
subclass of the class 7^g(n+) is the set 7^^(114.) of all F G 7^^(11+) for which the function 
5: R — >• M defined by g{t) := + 1 belongs to £-'^(M, *Bk, i^i?; M), where uf is taken from 
the Nevanlinna parametrization of F. In view of Remark II. Ij a member F of the class 



8 



7^g(^+) belongs to 'R'g{U+) if and only if up G Ml^^O^). For all F eTZ'g{U+), then the 
mapping ap- — )• C^'' given by 

apiB) := f {f + l)vF{dt) (3.1) 

is a well-defined non-negative Hermitian measure belonging to A^>(M). The measure 
ap is called the spectral measure of F. In this paper, we encounter mostly situations in 
which, for a given function F G 7^g(n_|_), the spectral measure ap plays a more important 
role than the Nevanlinna measure vp. Observe that the functions of the class 7^^(11+) 
also admit a special integral representation (see |22l Theorem 4.3]). 

Now we will see that each measure a G A^?,(M) generates by a special integration 
procedure, in a natural way, a function belonging to 7^^(n_|_). 

Proposition 3.1. Let a G M%{M). 

(a) Let i/r^i : *Br ^ C^*? be defined by 



Then G A^^2(^^) ^nd 



= I ^^^^ 3 e{i, 2}. 

(b) Let : n+ ^ be defined by 

Fa{z):= [ -^a{dt). (3.2) 

Then i^'g- is a matrix- valued function belonging to the class 7^^(11+) with Nevanlinna 
parametrization {ap„, (3p^,vp^) = {s^i^'^^\Oqxq,i'[(T]) spectral measure cii;'^ =a. 

Proof, (jaj) This follows immediately from [22, Proposition B.5]. 

db]) Taking into account that, for each z G n_|. and each t G M, the identity 



l + tz ( \ 



t-Z \t- Z 1-Ft2 



(l+t^ 



holds true, the assertion of (jb]) follows by direct computations, using Remark 1 1.1 1 and 
Proposition B.5]. □ 

Let (T G A^^(M). Then the function F„ defined in ()3.2p is called the Stieltjes transform 
of a. Part (jb]) of Proposition 13.11 shows that each a G A^>(M) occurs as spectral measure 
of an appropriately chosen function belonging to 7^^(11+). Now we want to characterize 
the set of all Stieltjes transforms of measures belonging to 7W>(M) by the matricial 
generalization of a classical result due to R. Nevanlinna |37] . 
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Theorem 3.2. Let 



7^o,,(^+) ■.= {Fe 7^,(^+) 



sup y ||i^(iy)|| < +00 

ye[l,+oo) 



(3.3) 



Then 7^o,g(^+) = {F^|cj G A^^(M)} and the mapping a ^ is a bijective correspon- 

and 72-0,5 (n_|_). 



dence between A^?, 

For each F G 7^0,13(11+) the unique measure a £ 7W>(M) satisfying F^- = F is caUed 
the Stieltjes measure of F. Theorem 13.21 indicates that the Stieltjes transform F^^ of 
a measure a £ 7W>(M) is characterized by a particular mild growth on the positive 
imaginary axis. 

In view of Theorem 13. 2[ Problem M[R; {sj)'J^Q,=] can be given a first reformulation 
as an equivalent problem in the class 7^0,13(11+) as follows: 

Problem (R[M; (sj)^^Q, =]). Let k £ NoU{+oo} and let (sj)^^q be a sequence of complex 
q X q matrices. Describe the set of all matrix-valued functions S G 7^o,g(n+)) the Stieltjes 
measure of which belongs to A^>[M; (sj)j^g, =]. 

In Section [6l we will state a reformulation of the original power moment problem 
M[M; {sj)j^Q,=] as an equivalent problem of finding a prescribed asymptotic expansion 
in a sector of the open upper half plane II-i-. Furthermore, we will see that a detailed 
analysis of the behaviour of the concrete functions of F G TZq{Il+) under study on the 
positive imaginary axis is extremely useful. For this reason, we turn now our attention to 
some subclasses of 7^g(n+) which are described in terms of their growth on the positive 
imaginary axis. First we consider the set 



F G 7^,(^+) 



lim 



my)\\ 







(3.4) 



In the following, we will use the symbol A to denote the Lebesgue measure defined on 

Example 3.3. Let A G X,,> and let F:U+^ be given by F{z) := A. Then it is 

immediately checked that F E TZq (n+). Let /i: 5Sm [0,+oo) be defined by 

/^(^) ■=- f T^^(^^)- 

IT J^l+U^ 

Using the residue theorem, it can be verified then by direct computation that 

[ap^fiF^i'F) = (Re^,Ogxg, (Im^)/u) . 

Remark 3.4. From and ([331) it is obvious that 7^o,g(^+) C 7^^"^l(^+). 
Remark 3.5. In view of ()3.4p and Proposition \2.f)\ we have 

7^[-2](^+) = {F G 7^,(^+)| = o.xj • 
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Remark 3.6. Let n G N and let {pk)^=i be a sequence from N. For all k G let 
Ffe G 7^|,■;:^'(^+) and let G C^^^^. In view of Remark [33] and [22,, Remark 3.4], then 

[—21 

Now we state modifications of Proposition 12.71 and Lemma 12.81 for TZq (n_|-). 

21 

Proposition 3.7. Let F G IZq (H^) and let {ap, Pf, i^f) the Nevanlinna parametriza- 
tion of F. For all z G n+, then 

N {F{z)) = N{aF) n N (z^fW) , R (F(z)) = R{aF) + R (z^f W) 

and 



N (Im [F{z)]) = N (i^f(M)) , R (Im [F{z)]) = R {i^f(^)) ■ 

Proof. Combine Proposition 12.71 and Remark 13.51 



□ 



Lemma 3.8. Let A G C?""? and let F G 7^1, Xn+). Then the statements 



(ix) N{A) C N{aF) D N{vf{ 
and 

(x) R{aF) + R{vf{^)) ^ R{A*). 



are equivalent. Furthermore, (ix) is equivalent to each of the statements (i) ^ (viii) stated 
in Lemma 12.81 

□ 



Proof. Combine Remark 13.51 and Lemma [27 

In the following, the notation A stands for the Lebesgue measure defined on _|_oo)- 
We now recall some subclasses of 7^^(11+), which were introduced and studied in [22j . 
A further subclass of 7^^(11+), which we will need in the following, is the set 



7^[-^l(^^ 



F G 7^g(^^ 



- ||ImF(iy)|| X{dy) < +oo 

[i,+oo) y 



(3.5) 



Example 3.9. Let A G Ig,> and let F:U+^ C'^^'i be defined by F{z) := A. Then from 
Example 13.31 and ()3.5p it is obvious that F G TZ\ ^^(11+) if and only if 1mA = Oqxq- 
Remark 3.10. From [22, Lemma 5.1] we get more information about the Nevanlinna 
parametrization of the functions belonging to TZq ^^(n^), namely for all F G TZq ^^(11+), 
we have I3f = Oqxq, ^F £ -A^> i(IK), and the function /i: M M defined by h{t) := 

belongs to £^(M, *B]r, i^^; M). This implies that, for all F G TZq ^'(11+), the mapping 
fiF-.^R^ C^^-? given by 
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is a well-defined non-negative Hermitian measure belonging to A^?,(M) and, in view of 
(jl.ip and [22i Remark B.4], that the matrix 

7F := ap - (3.7) 

satisfies (7^)* = 7f- 

Remark 3.11. From Remarks [331 and IXTOl we see that Tz\^^\u+) C 7^^"^l(^+). 

The next result indicates that functions which belong to TZq ^'(n-|_) admit a particular 
characterization in terms of a constant Hermitian matrix and an integral representation: 

Theorem 3.12 ([221 Theorem 5.6]). (a) Each matrix-valued function F belonging to 
TZq ^'(n_|-) admits, for all z € the representation 

F{Z)=JF+ [ ^^^F(dt), 

where and are given via ()3.7p and ()3.6p . respectively, 
(b) Let 7 G C^'"' and let /i G 7W^(R). Then F: n+ ^ C^^^ defined by 

F(z) :=7+ / y^Mdt) 

belongs to TZq ^'(n_|_) and {'^f,P'f) = {lilA holds true. 
Example 3.13. Let F: n+ ^ C^^*? be defined by F(z) := Ogxg- In view of part © of 
Theorem Em then F G 7l|,"^'(n+) and {jf,I^f) = {Oqxq,Oq), where 0^: 5S]r ^ O''^ is 
given by Oq{B) := O^xg- 

The next result describes the asymptotics of the functions belonging to TZq ^'(n_|-) on 
the positive imaginary axis. 

Proposition 3.14 ([22, Proposition 5.8]). Let F G 7^["^'(^+). Then 



and 



lim ReF(iy)=7ir, lim ImF(iy)=Oqxg 



lim F{iy)=jF. (3.8) 

1/— >-+oo 



In our scale of subclasses of TZg{Il+), we next consider the class 



4''](n+) :=iFG7^,(^^ 



sup y ||ImF(iy)|| < +00 > . (3.9) 

i;e[l,+oo) I 



In view of |22[ Proposition 6.4], we have 

4o](n+) = 7^[-^(^+) n7^;(^+), (3.10) 

where TZq is given via (|3.5p . Now we recall a special characterization for the 

functions of the class TZ^q^ (n_|. ) . 
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Theorem 3.15 (|22i Theorem 6.3]). (a) Let F e 7^|,'(^+). Then F belongs to the 
class 7^g(n+) and, if and ap are given via ()3.7p and ()3.ip . respectively, then 

F{z) = jF+ [ j^aridt) 

jRt — Z 

for all z € n+. 

(b) For all 7 G C^'"' and each a G A^^(M), the function F: n+ ^ C^'^'? given by 



F{z) :=7+ /" -^^(dt) 



belongs to T^g (n_(_) and satisfies {jFjO-p) = (7,0"). 

For each k € {—2,-1,0}, the class TZ^q\ll+) is already defined. In view of ()3.10p . 
we have Tl^q\ll+) C 7^^(n+). Thus, the functions F belonging to Tl^q\ll+) have a well- 
defined spectral measure ap, which is given via ()3.ip . So, for all k E N U {+00}, the 

4«l(n+) := {f G 40](n+) G A^|,JM)} (3.11) 
is well-defined. We recall that then the following result holds true: 
Proposition 3.16. Let k G Z-2,+00 U {+00}. Then 



n^^\U+) = |f G 7^,(^+) /3f = 0,xg and z.^ G Ml , , 



2V 



where /Si;' and I'p are taken from the Nevanlinna parametrization of F. 

Proof. Use Remark 13.51 in the case k = —2 and [22, Proposition 7.3] in the case k > 
-1. □ 

Remark 3.17. Observe that Proposition 13.161 shows that the proper inclusions 

7e[+-i(n+) c 4'](n+) c 7^W(^+) c 7^,(^+) 

are fulfilled for all / G No and all k G 

For all K G Z_ 1^+00 U {+00}, we now consider the class 

7^,,,(^+) := {f G 7^M(^^.)| 7^ = o,x,} • (3.12) 

Remark 3.18. From ()3.12p and Remark 13.171 one sees that 

7^+oo,g(^+) c 7^^,g(^+) c 7^fc,g(^+) c 7^g(^+) 

holds true for all / G Nq and all k G Z_i 
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Example 3.19. Let F: — ?• C^^'^ be defined by F{z) := Oqxq- In view of Example 13. 131 
then F E 7^_l,5(^+). 

The following results complement Proposition 12. 7[ More precisely, we state now some 
modifications of Proposition 12.71 for various subclasses of TZq{Il-^-). 

Lemma 3.20. Let k G Z_i_+oo U {+oo} and let F G 7^^''^(^+). For each z G n+, then 

R {F{z)) = i?(7F) + R (^f(M)) , N {F{z)) = N{^f) n N {fipi 

and 

R (Im [F{z)]) = R (^^(M)) , (Im [F{z)]) = N {M 

Proof. Use |22l Lemma 5.4] and Remark 13.171 □ 

Lemma 3.21 ([22l Lemma 8.1]). Let k G Z_i,+oo U {+oo} and let F G lZt,^q{Tl+). For 
each z G n_|_, then 

R {F{z)) = R iM^)) = R (Im [F{z)]) 

and 

AT (F(z)) = N (/xfW) = N (Im [F{z)]) . 

Lemma 3.22 ([221 Lemma 8.2]). Let k G No U {+00} and let F G 7^«;,g(^+). For each 
z G n+, then 

R {F{z)) = R (aF(M)) = R (Im [F{z)]) 

and 

N {F{z)) = N (ctf(M)) = N (Im [F{z)]) . 

Remark 3.23. Let k G Z_i^_|_oo U {+00} and F G 7^K^q(n+). Then from (|3.12|) and 
Proposition 13.141 we see that 

lim F(iy)=0<jxg. (3.13) 

Remark 3.24. In view of Proposition 13.161 ()3.7p and ()3.12p . for all k G Z_i__|_oo U {+00}, 
we have 

^K,9(n+) 

= |f G ng{U+) Pf = Oqxq and up G ^^sW and ap = s^^""^ | . 

In particular, for all k G Nq U {+00} and each m G the class 7^k,i}(II+) is a 

proper subset of 7^m,<j(II+). 
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Lemma 3.25. Let A G C^'"', let k G Z_i_+oo U {+oo}, and let F G nf,^q{Il+). Then the 
statements 

(xi) N{A) C iV(/i^(M)). 
and 

(xh) R{iif{^)) ^ R{A*). 



are equivalent. Furthermore, (xi) is equivalent to each of the statements (i) - (viii) 
Lemma 



m 



Proof. Combine Remark 13.241 and Lemmas 13.211 and 12.81 □ 
Remark 3.26. From [22, Proposition 6.4] we know that 

7^o,g(^+) = n 7^;(^+). 

Remark 3.27. From (|3.12p . ()3.5p and Proposition 13. 141 we see that 

7^_l,,(^+) = 



F G 7^g(^^ 



/ - ||Im[F(iy)]|| A(dy) < +CX) and lim \\F(iy)\\=Q 

Jfl.+oo) y y^+oo 



'[i,+oo) y 

Now we get that the classes given in (j3.12p and (|3.3p coincide. 
Proposition 3.28. 7^o,g(^+) ='^o,g(n+). 

Proof. Combine Theorems 13.21 and 13.151 □ 

Corollary 3.29. Let k G No U {+oo}. Then 7^«;,g(^+) C ■^o,g(n+). 

Proof. Combine (|3.12p . Remark 13.171 and Proposition 13.281 □ 

Remark 3.30. Let n G N, k G Z_i^+oo U {+oo}, and {pk)^=i be a sequence from N. 
For k e Zin let Fk G 7^«p,(^+) and Af, G C^^^^^. Then [SI Remark 8.3] shows that 
El=iAlFkAk€n^,,{U+j. 

4. On the Classes and V^'^'^[A] 

[—21 

In this section, we consider particular subclasses of the classes TZq (n+) and 7^_i^g(n_|_), 
which were introduced in p.4p and (|3.12p . respectively. We have seen in Proposition 12.71 
that, for an arbitrary function F G 7^^(11+), the null space of F{z) is independent 

[—21 

from the concrete choice of z G n+. For the cases F G TZq (n+) or F G 7^_i^g(n+), 
a complete description of this constant null space was given in Proposition 13.71 and 
Lemma I3.2H respectively. Against to this background, we single out now special sub- 

[—21 

classes of TZq (n_|_) and 7^_i^q(n_|_) which are characterized by the interrelation of the 
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constant null space to the null space of a prescribed matrix A G C^^^. More precisely, 
for all A E CP^"?, let 



where hf is given via ()3.6p . The choice of the terminology is caused by the role which 
the sets introduced in (j4.ip and (|4.2p will later play in the framework of the even and odd 
version of the truncated matricial Hamburger moment problem, respectively. The role 
of the matrix A will be taken then by matrices which are generated from the sequence 
of data matrices of the problem of consideration via a Schur type algorithm. 



Remark 4.1. If A G C^^^ satisfies A^(^) = {Ogxi}, then = ^^(n+) and 

= 7^_i ,j(n+). In particular, this situation arises in the case that p = q and 
det A / are fulfilled. 

Example 4.2. Let A G and let F : U+ ^ be defined by F{z) := Ogxg- In view 
of Oqxg G Iq,>, Examples E3] and E21 and (gl]), then F E and, in view of 

Examples KW\ and [XT3] and (g^]), furthermore F G V°'^'^[A]. 

Lemma 4.3. Let A £ C^^^ and F:U+^ Then: 

(a) The following statements are equivalent: 

(i) F G 

(ii) F £ 7^^"^^(^+) and N{A) C N{F{z)) for all z G n+. 

(iii) F G 7^g(^+), limy^+oo[l\\F{iy)\\] = 0, and iV(A) C N{F{z)) for all z G n+. 

(iv) F G 13f = 0,X9, and iV(A) C N{aF) D N (i^fW). 

(b) The following statements are equivalent: 

(v) F G Vf^[A]. 

(vi) F G 7^_l,q(^+) and Af(^) C N{F{z)) for all z G n+. 

(vii) F G /[,_^^)i||Im[F(iy)]||A(dy) < +oo, limj,_^+oo||F(iy)|| = 0, and 
N{A) C N{F{z)) for ah z G n+. 

(viii) F G Pf = Oqxq, G >l>,iW, = sj''^^ , and N{A) C iV(i/^(M)). 

Proof, (jaj) This follows from ()4.ip . Lemma 13.81 ()3.4p . and Remark 13.51 

(jb]) Use g2]). Lemma [323 Remarks E27] and EMI dXT^ - and [22, Remark 5.3]. □ 

Remark 4.4. Let zq S II-i-. From Lemma 14.31 Proposition 13.71 and Lemma 13.211 one can 
easily see then that: 




(4.1) 



and let 



{FG7^_l,,(^+)|iv(^)c^^(;,^(M))} 



(4.2) 
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(a) If F e 7^^ ^'(n+), then F e 7'g^^^"[F(zo)]. 

(b) If F e then F G Vf''[F{zo)]. 

Remark 4.5. Let A £ C^^"? and let B G with N{A) C Ar(5). in view of and 
(gSD, then C and Vf'^[B] C p°dd[^]^ 

Proposition 4.6. Let A E C^''^. 

(a) T'f^'^lA] = {AtAF^t^|i7 £ 7^i"^l(^+)}. 

(b) = {^t^i?^t^|i7 g 7^_l,g(^+)}. 

Proo/. (ilj) Let F e In view of (gj]), we have then 

FG7^[-2](^+) and iV(A) C Ar(a^) n (^.^(M)) . (4.3) 

Taking ()4.3p into account, Lemma 13.81 yields for z G 11+ now F{z)A^A = F{z) and 
A^AF{z) = F{z). Consequently, A'^AFA^A = F. Combining this with (fOj) . we infer 

pevcn^^] C l^t^^^t^ ^ g 7l[~2](n^) I (4 4) 

Conversely, let us consider an arbitrary 

FG4-2l(n+). (4.5) 

In view of (|i3]l and (A+A)* = yl^yl, from Remark [321 we see that G := A^AFA^A 
fulfills 

GG4-2l(n+) (4.6) 

and GA^A = {A^ AF A) A'^ A = G. Thus, part ^ of Remark Q gives Af(^) C 
N{G{z)) for each 2; G 11+. Combining this with ()4.6p and applying part (jaj) of Lemma l4.3l 
we conclude G E Thus, D {At^F^t^ji? ^ 7^J~^'(^+)}. This inclu- 

sion and ()4.4p show that part (jaj) holds. 

(jb]) Let F e In view of (fOj) . we have then 

F G 7^_l,,(^+) (4.7) 

and N{A) C (/xi?(M)). Consequently, from Lemma 13.251 we see that A^AFA^A = F 
holds true. Thus, (|4.7p yields 

Vf'^[A] C ^A^AFA^A \F G 7e_i,q(n+) } . (4.8) 

Conversely, we now consider an arbitrary F G 7^_i^g(n+). From Remark 13.301 and 
{A^A)* = A^A we get then that G := ^t^F^t^ belongs to 7^_i,g(n+) and fulfills 
N{A) C A^(G(z)) for each z G 11+. Thus, the application of part (jb]) of Lemma 14.31 
yields G G V°'^'^[A]. Consequently, 

vf'^[A] D {aUf^U |f g 7^_l,q(^+) } . 

Combining this with (j4.8p completes the proof of part ([b]) . □ 
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Corollary 4.7. Let A G Cp^"? and let F G U Vf'^lA]. Then F^tyl = F and 

AtAF = F. 

Lemma 4.8. Let A £ CP^?. Then V°'^'^[A] C 7^1™=^ [A]. 

Proo/. Let F G V^'^'^[A]. In view of (jM]), we have then F £ 7^_l,g(^+). From 
Remark 13.241 we get then F G TZq{Il+) and Pf = Ogxg- Hence, Remark 13.51 yields 
F G TZq (n+). Furthermore, we obtain 

N{A) C AT {i_ip{R)) = N (F(i)) = Niap) n N (i^fW) , 

where the inclusion is due to F G 'P°'^'^[A] and ()4.2p . the 1st equation is due to F G 

7^_i^g(n+) and Lemma I3.2H and the 2nd equation is due to F G TZq (n+) and Propo- 
sition [321 In view of (gj]), we get then F G V^^'^'^iA]. □ 

The following result contains essential information on the structure of the sets "P^™"^ ^A] 
and V°'^'^[A], where AgCP""!. 

Proposition 4.9. Let A G C^^^. Then: 

(a) If ^ = Opxg, then P^^^^fA] = {F} and V°'^'^[A] = {F}, where F: n+ ^ is 
defined by F(z) := O^xq- 

(b) Suppose that r := rank^ fulfills r > 1. Let ui, • • ■ ) ^^r be an orthonormal basis 
of R{A*) and let U := [ui,U2, ■ ■ ■ ,Ur]- Then 



(c) If /,£/ G ni ^'(n+) U7^_l,^(^+) are such that UfU* = UgU*, then f = g. 

Proof, (jaj) This follows from Proposition 14.61 and Example 14.21 

© Let G G (resp. G G rf'^[A]). In view of part (jaj) (resp. part ©) 

of Proposition 14.61 there exists an F G TZq (n_|_) (resp. F G TZ-i^q{Il-^-)) such that 
G = A^AFA^A. Let / := U*FU. Because of Remark [Ml (resp. Remark EJO]) , then 
/ G 7^^^'(^+) (resp. / G 7^_l,,.(^+)). In view of Remark [Ml we have UU* = A^A. 
Thus, G = UU*FUU* = UfU*. Hence, 




and 



{[//[/* |/G7^_l,,(^+)}. 




(resp. 



[^] c {[//[/* |/G7^_l,,(^+)}). 
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Conversely, let / S 7^i• '(n+) (resp. / G 7^_l,,.(^+)). In view of Remark 13.61 (resp. 
Remark l3.30p . then 

UfU* E 4-2] (n+) (resp. UfU* € 7^_l,g(^+)). 

Now we consider an arbitrary x G N{A). In view of the construction of U and the 
relation [A^(^)]-^ = R{A*), we get U*x = Orxi- Thus, x e A^([/*). Consequently, for 
each z G n+ we get N{A) C N{{U fU*){z)). The application of part ([aj) (resp. part (jb])) 
of Lemma 14.31 yields now 

{c//i7*|/G4-2l(n+)}cT'f^"[^] 

(resp. 

{[//[/* |/G7^_l,.(^+)}cp°dd[^])_ 

This completes the proof of ([b]) . 

(jcj) In view of Remark [XBl we have U*U = Ir- Thus U fU* = UgU* implies f = g. □ 

5. The Classes 7^i"^[^+; {sj)^=_,] and 7^,,,[^+; (s,)^^=o] 

In this section, we consider particular subclasses of the class TZ^q\ll+), which was intro- 
duced in dSS]) for K = and in (IHTTD for k G N U {+00}. Because of ([XTUD and ([XTTD . 
we have the inclusion 

7^J"l(^+) C TZ'g{U+) for each k G No U {+00}. (5.1) 

In view of ()5.1|) . for each function F belonging to one of the classes ^^q^\Il-^.) with some 
K G No U {+00}, the spectral measure dp given by (j3.ip is well-defined. Now taking 
Remark II. II into account, we turn our attention to subclasses of functions F G TZq^\ll^) 
with prescribed parameter and prescribed first k + 1 power moments of the spectral 
measure ap. 

Taking ()3.ip and (|3.7p into account, for all k G NoU{+oo} and each sequence {sj)j^_-^ 
of complex q x q matrices, now we consider the class 

4^^! [n+;(.,),^=-i] 

:= {f G 7^M(^+) |7F = -S-1 and ap G Ml [M; (s,)"=o> =] } (5-2) 

and, for all k G No U {+00} and each sequence (sj)^^g from C*^^"^, furthermore 

7^,,, [n+; (s,),"=o] := {f ^ 7^,,,(^+) G Ml [M; (s,)^=o, =] } , (5-3) 
where 7^K,i}(n+) is defined in ()3.12p . 
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Remark 5.1. Let k G NoU{+oo} and let (sj)j=o ^ sequence from O^"?. Let := O^xg 
and let tj := Sj for all j G Zo,^. Then taking ()5.2p . ()5.3p . and ()3.12p into account we see 
that 

7^«,, [n+; (.,-)^=o] = 4"' [n+; {tj)l=-i] ■ 

Remark 5.2. Let k G No U {+cxd} and let (sj)^^_]^ be a sequence from C'^^'^. If t G 
No U {+00} with L < K, then (|5.2p and Remark 13 . 1 71 show that 

K 

n^^ [n+;(.,),^=-i] = n 4"^' [n+;(^i)r=-i] ■ 

m=0 

Remark 5.3. Let k G No U {+00} and let (sj)^^Q be a sequence from C'^^''. If i G 
No U {+00} with i < K then ([O]), (f3J2]l . and Remark [3T7l show that 

7^,,, [n+; (s,-)^=o] ^ [n+; (s,);=o] • 

In particular, 

K 

7^,,, [n+; (s,),«=o] = n ^"^^1 (^.)r=o] • 

771=0 

Now we characterize those sequences for which the sets defined in (j5.2p and (j5.3p are 
non-empty. 

Proposition 5.4. Let k G NoU{+oo} and let {sj)j^_i be a sequence from C^*^. Then: 

(a) 7^f'[^+; {Sj)^^_^] / if and only if {sj)^^^ G "Hg-;? and s_i G C^""^. 

(b) 7^«,J^+; (s,)^^o] / if and only if {sj)^^^ G T^^k'- 



Proo/. (jaj) Combine ([521), (IXTT1) . and Theorems EJS] and EH 

© Combine ([O]), and Theorems E3S] and O □ 



Now we state a useful characterization of the set of functions given in (|5.3p . 

Proposition 5.5. Let k G NoU{+oo} and let (sj)j=o ^ sequence of complex q x q ma- 
trices. Then 



7^,,, [n+; (s,-),"=o] = {i^ G ^o,,(n+) \aF G A^l [M; (s,)"=or 
Proof. In view of (|5.3p and Corollary 13.291 we have 

7^,,, [n+; (s,-)"=o] C {f G 7lo,g(n+) G Ml [M; (s,)"=o, ^ 
Conversely, now let F G 7^o,g(n+) be such that 

ai.GA^|[M;(s,),"=o,=]- 
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Prom (j5.4p we get 

OF E X|,JM), (5.5) 

whereas F G 7^o,g(n+) and Proposition 13.281 imply F € 7^o,(j(n+). Hence, (|3.12p yields 
F e and -fp = 0,xg- Prom F G 7^f^(^+), and (IXTTD we see that 

F G 7^g''^(n+). Combining this with 7i? = Ogxg, we infer from ()3.12p that F G TZ^^qiJlj^). 
Because of (|5.4p and (|5.3p . then it follows F G '7^K,q n+;(sj)^^Q . Thus, the proof is 
complete. □ 

Corollary 5.6. Let /t G No U {+00} and let (sj)^^o be a sequence of complex qx q ma- 
trices. In view of (13.21) then 



7^«,, [n+; (s,-),"=o] = {i^<x 1^ G Ml [M; (s,)^=o, =] } ■ 
Proof. Combine Proposition 15.51 Theorem 13. 2^ and part (jb]) of Proposition 13.11 □ 

Corollary 15.61 shows that 7^K,g[n+; (sj)^^o] coincides with the solution set of Prob- 
lem R[M; (sj)^^Q, =], which is via Stieltjes transform equivalent to the original Prob- 
lem M[M; (sj)^^Q, =]. Thus, the investigation of the set 7^K,g[n+; (sjj^^g] is a central 
theme of our further considerations. The next result contains essential information on 
the functions belonging to this set. 

Proposition 5.7. Let k G NoU{+oo}, let (sj)^^o G U};^, and let F G '7^K,q[n+; {sj)'^^^]. 
Then: 

(a) For each 2; G n+, the equations N{F{z)) = N{so) and R{F{z)) = R{so) hold. 

(b) For each z G n+, the equations [F{z)][F{z)]^ = sqSq and [F(z)]1"[F(2;)] = SqSq 
hold. 

(c) The function F belongs to the class 7^g(n_|_) and its Nevanlinna parametrization 
{ap, PfiI^f) satisfies 

N{sQ) = N{aF)r\N{PF)r\N{vF{M.)) (5.6) 

and 

i?(so) = Riap) + R{Pf) + R (z^f(M)) . (5.7) 

Proof, (jaj) In view of the choice of F, we get from (|5.3p that 

F G 7^«,g(^+) (5.8) 

and cjf G 7W> [M; (sj)^^05 =]• Thus, we have s^^^^ = sq. Otherwise, from (jl.ip we 

have Sg"^' = cTi7(M). Hence, o"ir(M) = sq. Combining this with (|5.8p . we obtain from 

Lemma 13.221 all assertions of (jaj). 

(|b]) The assertions of (jbj) follow from (jaj) by application of Remark IA.3[ 

(jcj) From (j5.8p and Remark 13.241 we get F G 7^q(n+). Now the assertions of (jcj) follow 

by combination of Proposition 12. 71 with (jaj). □ 
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The next result establishes a connection to the class Vg'^'^ [sq] introduced in Section |4l 

Lemma 5.8. Let k £ NoU{+oo} and let (sj)^^q be a sequence of complex q x q matrices. 
Then 7^,,,[^+;(.,);^^o]CP°dd[^^]_ 

Proof. Let F G 7^K,g[^+; {sj)'J^Q\. From dO]) we get then F £ n^^g{U+). Thus, from 
Remark [3T7] and (iSll we infer F G 7^_l,g(^+). Let zeU+. In view of F G 7^_l,q(^+) 
Lemma [3.211 yields N{F{z)) = A^(/ii?(M)), whereas part (jcj) of Proposition [5771 gives 
N{F{z)) = iV(so). Hence, N{so) = N{hf{^))- In view of and ([321), this implies 

Now we want to discuss the asymptotic behaviour of functions belonging to 7^q(n+). 
For this reason, we need a particular construction, which will be introduced now. 

Remark 5.9. Let k G Z_i^+ooU{+oo}, let {sj)j^_i be a sequence of complex p x q matri- 
ces, let ^ be a non-empty subset of C, and let F: ^ — t- C^^*? be a matrix-valued function. 
For all k G let then F^^'^ : G C^^? be defined by 

fc+i 

F^'\z) := z''+'F{z) + ^z'^+i-^s,--!. (5.9) 

j=0 

For every choice of integers k and / with —l<k<l<K and each z £ G, then it is 
immediately checked that 

F^'\z) = z^~^Fi'\z) + 'y^z^~^'^s,^, (5.10) 



and in the case z 7^ furthermore 



Fr{z) = z 



Fi^\z) -"^ z^ s,_, 
j=0 



(5.11) 



In the following, we will often use the construction of Remark 15. 91 for the case that Q = 
n+ and that the function F belongs to particular subclasses of 7^g(n+). We start with 
the case that F belongs to the class introduced in ()5.2p and investigate the associated 
sequence (F^*^)fc=_i- First we show that these functions admit integral representations 
with respect to a p. 

Proposition 5.10. Let k G NoU{-|-oo}, let {sj)j^_^ be a sequence of complex q x q ma- 
trices, and let F G 7^g"'[n+; {sj)'j^_-^]. For each k G and each z G 11+, then 



\z)= / a^(dt), (5.12) 

where cJir is given via (|3.ip . 
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Proof. Since F belongs to 7^g'^'[n+; {sj)j^_i\, we have 

Fenl^\n+), 7F = -S-i and ap£M'i[R;{sj)]^o,=\. (5.13) 
The last relation in (|5.13p implies 

/ t^aF{dt) = Sj for each j G Zo,K. (5-14) 

Jr 

Prom the definition (IXTB of the class TZ[''\u+), we see that F belongs in particular to 
TZ^q\ll^). Thus, for all z G n^, part (jaj) of Theorem 13.151 and the second relation in 
(I5l3]) yield 

F(z) = -s_i+ / -^apidt) (5.15) 

and, in view of ()5.9p and (|5.15p . then, in particular, that ()5.12p holds true for k = —1. 
Because of (|5.9p and (j5.15p . for all z G n^., we obtain 

F^'\z) = z[F{z) + s^i] + so= [ -^aF{dt)+ [ lapidt) 

and, consequently, (j5.12p for A; = 0. It remains to consider the case k G '^i,k- For all 
z G n+ and each t G M , it is readily checked that 



+ y z'^+^'H^-' = (5.16) 



t — z ^-^ t — z 

i=i 

is true. Using (I5J|), (j5T5]) . ([5Tl|) . and (f5l^ . for ah z G n+, we get then 

fc+i 



I T^apidt) + 
jRt-z J 

jRt — Z .^^ 
/■ / ^^'+1 \ r fk+1 



Thus, ()5.12p is also proved in the case k G I^i^k- D 

Remark 5.11. Let k G NoU{+oo}, let (sj)^^_^ be a sequence of complex q x q matrices, 
let k G Zo,K, and let F G (sj)«^^_J. Then (ISTOll and Proposition [5T0] show that 



f}'\z)= z^si.j + z^-' I ^^ap{dt) 

j=0 

holds true for all / G Zk+i,K and each z G 11+. 



fc+i 



t - z 
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Now we consider the functions Fjf'^ occurring in Proposition I5.1UI especially for odd 
numbers k. 

Proposition 5.12. Let k G No U {+00} and let {sj)j^_i be a sequence of complex 

q X q matrices. Furthermore let F S T^g'^'p^; {sj)j^_^] and let ap be given via (j3.ip . 
Then: 

(a) For all n G No with 2n — 1 < k, the function -^2^-1 belongs to 7^_i^g(n_(_) and the 
measures i^„(3> and («> admit, for all B E *Bk, the representations 



and 

{B) = / ^^—^(jFidt). (5.18) 



- 2n-l 



^2n 



B 



\t\+l 



(b) For ah n € No with 2n < k, it holds ^2^^^! e 7^K_2n,g[^+; (s2„+j)po"] and, for ah 
B £ 'Bk, furthermore 

a (.> iB)= [ t^-apidt). (5.19) 

Proof. Since F belongs to 7^f ' [n+; (sj)"^=_ -1]) we have ()5.13p. In particular, ap G 
Pi"oposition 15.101 shows that, for all z G 11+, furthermore 

Fitii^)= [ ^Mdt). (5.20) 
M Let n G No with 2n - 1< k. If n > 1, then < < t^^-s ^^^^ \t-^\ < It^"-!] 



^0 

j-2n 



for ah t G M, whereas if n = 0, then < < 1 and \t-^\ < 1 for ah t G M. Thus, 
from (TiT' G A1> k(^) ^^"^ [22i Proposition B.5] we get that the following statement holds 
true: 

(I) The mapping i/: 5Sk — t- C'?^'^ given by 

is a well-defined non-negative Hermitian measure which belongs to 7W> i(IK) and 
which fulfills 

2n 



For all z G 11+, from ()5.20p and (I) we then get 

j.2n f j.2n 



4tM = s^i^ + / ^Mdt) - / t-^ap{dt). (5.22) 
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Since [(!)] and [22, Proposition B.5] provide us 

apidt)- / t— —cjF(dt) = / t^^—]aF{dt 



t-z ' ' t^ + l ' ' jR\t-Z t2^1, 

1 + tz t'^ 



for all z G n_|_, from ()5.22p we conclude that 

for all z G n+. Since and ^22^ Proposition B.4] show that (s^''')* = s\'\ TheoremO 
then yields that -F2n-i ^ with Nevanlinna parametrization 

(ap(-> ,/3p(-> ,z^p(.) ) = {s^i\Oqxq,i^)- (5.23) 

2n-l 2n-l 2n-l 

From ()5.23p we get 

Q (.) =si ^"-^ (5.24) 
and, taking (|5.2ip into account, also that formula (|5.17p is true for all B £ 5Sk and that 

(.) €Ml^{R). (5.25) 

In view of (|5.23p . we have (3 {s) = Oqxq- Combining this with (|5.24p and (|5.25p . 

we see from Remark EJl that ^2^^^! G 7^_l,g(^+) and, in view of ()3.12p . especially 

^271-1 ^ ^9 ^'(n+). Taking ()3.6p and ()5.17p into account and using [22l, Proposition B.5], 
it follows 

/■ + 1 f t^^ 

/^p(-> {B)= / -——v >s) {dt)= / -—-aF{dt) 

^2n-l \t\ + i -^2n-l |t| + i 

for all B G !B]r. Thus, (|5.18p is verified and the proof of part (jaj) is complete. 
© In view of F G (sjO^^.J, we get from ([521) that 

(JF G >I|_^(M) (5.26) 

and 

s^^^^ = Sj for each j G Zo,k. (5.27) 

Now we assume that n G No is such that 2n < k. Then (j5.26p implies ap G 2n('^)- 
Therefore, from [22l Proposition B.5] we see that the mapping a: *B]r — )• C^"? given by 



a{B) := / t'^'^apidt) (5.28) 
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is a well-defined non-negative Hermitian measure belonging to A^?,(M) and that 



1 . f t^"" 



a{dt)= / apidt) (5.29) 

t — z t — z 

for all z G n_|_. Combining ()5.20p and ()5.29p . we obtain 

for all z G 11+, which, in view of Theorem 13. 15t implies 

^ilie4°kn+) and (7^(.> ,(T^<.> ) = (0,x„fT). (5.30) 

Consequently, from ()5.28p we get ()5.19p for all B G !Bk. For all m £ Zo,K-2n) we have 
m + 2n < K, hence (|5.26p and Remark 11.11 implv ap G -^>m+2n(^)' ^^^^ because of 
()5.28p and [22l Proposition B.5], furthermore, we infer a G mO^) 

I t™+2"ai.(dt) = / t"t2n^F(dt) = / t™a(dt). 

Jr Jr Jr 

Thus, a G X^^_2„(M). In view of (O0]l . this means a (.) G 7W^^_2nW- Thus, 



2n-l 



since ()5.30p implies 7 (s) = Oqxg, from ()3.12p . we get i^in-i ^ '^K-2ni7(n+). For all 

m G Zo,K-2n, we have m + 2n < k, so that (fOOjl . (fOS]) . p2l Proposition B.5], ([TT]) . 
and ([H:^ imply 

/ (dt)= / ra{dt)= [ rt'-ap{dt) = sti^ = S2n+m. 

Consequently, (7 (s) G A4> [M; (s2n+j )^=o"' =]• Because of ([53]), then we see that -^2n— 1 
belongs to 7^«_2n,g [n+ ; (s2„+j )^=o"] • ° 

It should be mentioned that in the scalar case the membership of fI^^-i ^-i,cj(n+), 
which is contained in part (jaj) of Proposition 15.121 was already obtained in (29t Theo- 
rem 3.2]. 

The following results complement the theme of Proposition 15.121 They will play an 
important role in the proof of Theorem [ 



Proposition 5.13. Let n G No and let (sj)|!!:^\ be a sequence of complex q matrices. 
Furthermore, let F G 7^f'''[^+; {sj)fl-i] and let cji? be given via ()3.ip . Then: 

(a) For all z G 11+, the matrix- valued function i^2ra+i *^an be represented via 

^2n+l(^) = S2n+1 + Z / apidt). (5.31) 
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(b) Suppose S2n+i = S2n+i- Then -F2n+i ^ and the Nevanhnna parametriza- 



tion {a (s) ,/3 (s) ,v {s) ) of f!^^^^ is given by 

^2n + l ^2n + l ^ 2n + l 



0!„(s) =S2n+l- / ,9 , 1 O'F(dt), 



/3p<s> = 0(,xg, and 



V (s) {B) = / -T, — -<jF{dt) for each i? G *Bn 

^2n + l + 1 

If ^2^^! belongs to n^q^\n+), then F G 7^|"+^^(^+) and 



where 7„(s> is given by ()3.7p . 

-''211+1 



Proof, (jaj) Formula (j5.3ip immediately follows from Remark 15.111 
(jb]) Since F belongs to 7^i^"'[^+; (sj)2^_J, in view of dO}, we have 

FG7^f"](^+), lF = -S-i, and G [M; (s.O^^q, =] • (5-32) 

Because of < < t^" for all t G M and the third relation in (f02]) . from [22l 

Proposition B.5] we then get that v. *Bir — )■ C'^^'^ given by 

is a well-defined non-negative Hermitian measure belonging to A^>(M) for which the 
identity 

\ + fz r 1 -\-fz /-^n+s 

u{dt)= / ' + ^^; apidt), ZGU+, (5.34) 



_ t — Z 7]g t — z + 1 

holds true. If n > 1, then |^^| < is fulfilled for all t G M. If n = 0, then 

l^^l < 1 for all t G M. Thus, we see from |22[ Lemma B.l] and (j5.32p that the integral 
Ir ^t^+i ^pidt) exists. For every choice of z in n_|_, from (|5.3ip and (|5.34p we conclude 

^2n+l(^) - ■S2n+1 = / T (Tpidt) + / TJ— T^^(*i*)~ / 72~rT^^(^*) 

^^2n+l ^2n+lX . ^2n+l 
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and, consequently, 

j.2n+l 



i^2n+l(^) = ^2n+l " / T^ — CT^(dt) + Z ■ 0,x, + / H^t). (5.35) 



Thanks to S2n+i — ■S2ra+i and [22l Remark B.4], the matrix S2n+i — /r ^F(d^) is 
Hermitian. Thus, in view of ()5.35p . applying Theorem 12.11 yields -^2n+i ^ and 



("f<=> >^^p(^> )—(s2n+l 

^ 2n + l 2n + l ^ 2n + l 



Now suppose that 

^2?+ie4""(n+). (5.36) 

In view of ([5:32]) and the definition (fXTTD of the class 7^^^"^(^+), we also have i^2n+i ^ 
7^g'^^(n+). Furthermore, Remark 13.101 vields i^„{s) G 7W>^(]R). Thus, in view of 



- 2n+l 



(s> = z^, the integral Lti^(dt) exists. Because of ()5.33p and [22, Proposition B.5], 
then we see that the integral crF{dt) exists. Hence, since 

for all t € R, from [22l Lemma B.l] we get that ap G A^^ 2n+i W- ^i^w of (j3TT]) this 
shows that F belongs to 7^g^"'^^'(n+). Because of (|5.36p . we infer from Proposition 13. 141 
that 



hm ReF2^:Vi(i^) = 7^(.) • (5-37) 



As) 

2n- 

Using (|5.3ip . S2n+i = S2n+i, and [22, Remark B.4], for all /c G N, we conclude 

ReF2^^Vi(i^) = *2n+i + y^Re ( 7— ^ J ^^(dt) = ssn+i - ^2 ^ ^2 ^F(dt). (5.38) 
Thus, from ()5.37p and (j5.38p we get 

r ^2^2n+l 

S2n+i-7p<»> = lim / apidt). (5.39) 

-'^2n + l fc->- + 00Jl[5 + fc^ 

For alH G M, we have 

j.2^2n+l 

lim ^^-^ = t2n+i_ (5,40) 

Since < holds for all A; G N and aU t G M, from ctf G A^>,2„+i 

()5.40p . |22l Lemma B.l] and Lebesgue's dominated convergence theorem then 



^2^2n+l 

Jm t"^ + A;2 



lim / ^2^^^(di) = / t'"+V^(dt) = sti, (5.41) 



follows. Combining ()5.39p and ()5.4ip yields skJVi = S2n+i — 77r<s) • ^ 
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6. On Hamburger-Nevanlinna Type Results for 'Rq[Il+; (sj)^^„J 

Let n G No and let (sj)^"o ^ sequence from C'^^'^. Then the moment problem 
M[M; {sj)'j^Q, =] can be reformulated as a problem of a prescribed asymptotic expansion 
for functions in 7^o,<j(n+). This is a consequence of a matricial version of a classical result 
due to Hamburger and Nevanlinna. This matricial version can be found in |34[ p. 47] 
and [9, Lemma 2.1], where it was stated without proof. It can be proved along the lines 
of the proof of the scalar result which was given in [U Ch. 3, Sect. 2]. Before formulating 
the result, we introduce some notation. For all r £ (0, +oo) and each 6 G (0, ^], let 

^r,5 := G C ||2;| > r and 6 < argr < tt — 6} . (6-1) 



Taking ()5.3p . Corollary 13.291 and Theorem 13.21 into account, now we can reformulate 
the matricial version of the Hamburger-Nevanlinna theorem: 

Theorem 6.1. Let n G Nq and let (sj)|"Q be a sequence of complex q x q matrices. 



(a) Let F G7^2n,J^+;(s 



Then 



lim sup 



2n+l 



F{z) + 



2n ^ 
i=0 



0. 



(b) Let {sj)%, 



be a sequence from C^^'^, and let F G 7^g(n+) be such that 



lim 

y— )-+oo 



(iy) 



2n+l 



2n 



i=o 



(iy) 



ThenFG7^2n,J^+;(s,)|^o]. 

Part ([b]) of Theorem 16.11 will be often applied in the following. It contains a sufficient 
condition which implies that a function F G 7^g(n+) is the Stieltjes transform of a 
solution a of Problem M[R; {sj)^!^, =]. 

The main goal of this section is to find appropriate generalizations of Theorem 16.11 
for the class 7^q'^'[n+; {sj)'^^_]\ with arbitrary k G Nq U {+oo}. In the scalar case, this 
theme was treated by [29]. As we will see soon, that similar as in [29], the essential 
tool in our strategy is the use of the construction introduced in Remark 15. 9[ In this 
connection, it should be mentioned that, in view of Remark 15. H in the case of an 
affirmative answer to the generalization of part (jbj) of Theorem 16. H we would also obtain 
a sufficient condition for a function F G 7^q(n_|_) to be the Stieltjes transform of a 
solution fj of Problem M[M; (sj)|"g^, =]. The following result, which in the scalar case 
goes back to [29, Theorem 3.2], meets our above formulated goal concerning part (jaj) of 
Theorem 16.11 
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Theorem 6.2. Let k G NoU{+oo}, let {sj)j^_i be a sequence of complex q x q matrices, 
and let F G nP[U+; (sj)«^^_J. For all k G and each 5 G (0, f], then 



lim sup 



(6.2) 



holds true, where is given by (|6.ip . 



Proof. The strategy of our proof is inspired by the proof which was given in [L, Ch. 3, 
Sect. 2] for the scalar case q = 1 of part (jaj) of Theorem 16. II Since the function F belongs 
to 7^g^'[n+; we have 



-•s-i, 



and ap e Ml[R■,{sj)]^o^^■ 



{6.3) 



From Proposition 15.101 we know that ()5.12p holds true for all z G 11+. Now we let 
k G '^-i,K, let 5 G (0, and let e G (0, +00). We consider an arbitrary u G C^. In view 
of [221 Lemma B.3], then ■= u*aFU is a finite measure on (M,*Bir), which belongs to 
Ai'i. ^(K). Using additionally ()5.12p . for all z G n_(_, we then obtain 



u*Ft\z)u 



t - z 



Puidt) 



< 



t- Z 



■Pu{dt). 



First we now consider the case k G Zo,k- Then the mapping p: — t- C given by 

piB) = [ \t''\pu{dt) 
Jb 

is a well-defined finite measure, i. e., p belongs to 



Obviously, 



lim [-n,n]) = 0. 



Thanks to (|6.6p . there is an G N such that 



Clearly, if we set 



/i(M\ [-iV,iV]) < - sin 5. 



^ _ 2jV^+V([-jV,jV]) ^ 

e sin 5 ' 



(6.4) 



(6.5) 



(6.6) 



(6.7) 



< 



then R belongs to [1, +00) and we have 

Ar^+V„([-iV,Af]) 

Rsin6 ~ 2' 

We consider an arbitrary r G [R, +00) and an arbitrary z G 5. Then 

\z\ G [r, +00) and argz G [5, vr — 5]. 



(6.^ 



(6.9) 



30 



For all t G M, we get furthermore 

|i — -^1 ^ |Im(t — z)\ = |Im z\ = \z\ |sin(arg z)\ > \z\ sin 6. 
For all t e [-N,N], we have 

< < 7V*^+^ 

and, because of (|6.10p . we conclude 

|t — > l^l sin 5 > r sin(5 > Rsm6. 

If t G M \ [-n,n], then 

\t-z\> \e-'^'^'\ \t-\z\e''''^'\ = \te-''''^' -\z\ \ > \lm{te'^'^' 

= \t\ Isinfarg z)\ > \t\ sin 5 > 



(6.10) 
(6.11) 

(6.12) 



and, consequently, 



|^fc+i| ^ |^fc+i| 



sin 5 \t\ sin (5 \t — z\ 
Using dElD, (fHTlT) . dsn), (fHT^ . ^M, and dEZD, we get then 



u*fI;^'\z)u 



< 



n TPu{dt)+ / 1 Lp^(dt) 

[~N,N] l^^ ~ ^1 iM\[-iV,Af] ~ ^1 



< 



i?sin J 



/0«(dt)+ / 



]R\[-Af,Af] 



sin (5 



/0«(dt) 



{[-N, AT]) + (M \ [_Ar, AT]) < e. 

/t sm sm 



Now we consider the case k 



-1. Then 



R 



Pu 



e sin 6 



+ 1 



(6.13) 



(6.14) 



(6.15) 



belongs to [1, +oo). Let r G [R, +oo) and z £ Hence the relations in ()6.9p are true 
and the inequalities in (|6.10p follow again. Consequently, ()6.12p is fulfilled. Because of 
(lOD . k = -1, (I6J2I1 . and (l6J5]l . we get then 



(z)n 



< 



1 



\t- z 



■Pu{dt) < 



1 



i?sin5 



Puidt) 



Pu[ 



i?sin5 



< e. 



(6.16) 



Thus, in view of ()6.14p and (|6.16p . we proved that, for all k G Z-i,k, for all 5 G (0, |], 
for all e G (0, +oo), and each u G C, there is an G [0, +oo) such that \u* F^^\z)u\ < e 
for all r G [R, +oo) and each z G Sr,(5- In other words, for all k G each 5 G (0, ^], 

and each n G C^, we have 



lim sup u*F'f\z)u 



0. 



A standard argument of linear algebra (see, e. g. |16t Remark 1.1.1]) yields then ()6.2p . □ 
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Corollary 6.3. Let k G NoU{+oo}, let {sj)j^_i be a sequence of complex (7 x g matrices, 
and let F G nP[U+; (sj)«^^„J. For all k G then 



lim F^^'\iy) = Oq^q 



and 



lim. 



Sk 



Fiiy) 



ifk 



.17) 



(6.18) 



Proof. Because of F G TZq [Il^;{sj)'J^_i], we have ()6.3p . In particular, F belongs to 
7^f^(^+). Thus, (I3TT]1 gives F G 7^f^(^+). Taking (fXTO]) into account, then F G 
TZq ^'(n+) follows. Consequently, Proposition 13.141 vields (|3.8p . Let k G The 
limit ()6.17p is an immediate consequence of Theorem 16.21 If k = —1, then ()6.3p and 
^ imply 

— s_i = 7f = hm F{iy). 

J/— > + oo 

Thus, (lUT^ holds true for A: = -1. If A: G Zq.k, then (ICTrp and ([23]) imply 



-Sfc = lim 

y—^+oo 



F^'\iy)-Sk = lim {iyf+^ 



y— )-+oo 



j=0 



□ 



Now we are going to show that part (jaj) of Theorem 16.11 is an immediate consequence 
of Theorem 16.21 



Proof of part (jaj) of Theorem \6.1[ Let t_i := Oqxg and let tj := Sj for all j G Zo,2n- Then 
Remark O yields F G 7^^^"'[^+; (tj)|!i_i]. Thus, Theorem [O implies 



lim sup 



r,S 



0. 



Because of t_i = Oqxq we see from (j5.9p that 



2n+l 



2ra 



j=0 



19) 



(6.20) 



Now the combination of (|6.19p and (j6.20p completes the proof of part (jaj) of Theorem 16. 11 

□ 

Now we state a corresponding generalization of the second part of Theorem 16.11 It 
should be mentioned that in the scalar case the result goes back to [29j Theorem 3.3]. 

Theorem 6.4. Let n G No, let (sj)|"_^ be a sequence of Hermitian complex q x q ma- 
trices, and let F G 7^q(n_|_) be such that 



hm F£^(iy)=0,x,. 



3.21) 



Then F belongs to 7^P[^+; {sj)]l 
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Proof. Let G:U+^ defined by G{z) := and let S ■.= F + G. Since s*_^ = s_i 
holds, we see from Theorem 12.11 and [22l Remark 3.4] that G and 5 belong to 7^g(n+). 
Using (|6.2ip and (j5.9p . we obtain then 



lim (iy)2"+^ 



2n+l 



lim (iy) 



2n+l 



F(iy) + (iy) 
i=o 

2n 

5(iy) + ^(i2/)- 



-J 



k=0 



Hence, part (jb]) of Theorem 16.11 shows that 



S G 7^2„,g [n+; 



2n 



3.22) 



Thus, taking ()6.22p . ()3.1ip . and ()3.12p into account we see that S belongs to TZq (n+) and 
that 75 = Oqxq holds. Since Theorem [3TT5] shows that —G E Tl^g\l[+), that 7_g = —S-i, 



and that a-c is the zero measure in 



we see from (j3.1Up that S and —G both 



belong to Tz[ ^' (n+) n7^' (n+). Thus, [22l Remark 4.4] yields F G K(n+) and ap = crs- 



In particular, from ()6.22p we infer then ap G -A^>[ 



Furthermore, |22j Remark 5.7] provides us 7i;' 
belongs to 4'"l[n+;(s,)|^_J. 



(•5j)j=0' ■ 



75 + 7_G 



=] and F G 7^t^"^(^+). 
Consequently, F 
□ 



Our next aim can be described as follows. Let A; G No and let {sj)j^_i be a sequence 
of Hermitian complex q x q matrices. Then we are looking for appropriate descriptions 

we consider the case of an even number k. 



of the set 7^1, ' [n+; (sj)^'^ 



Proposition 6.5. Let n € No and let {sjj^ 

q X q matrices. Then 



2n 



\2n 



Proof. Combine (|6.17p and Theorem 



F G 7^g(^^ 



_Y be a sequence of Hermitian complex 



hm F<J(i2/)=0,xg 

y— )-+oo 



□ 



Now we treat the case of a sequence {sj)^^^^ from C|j with odd number k. 

The following result contains a useful sufficient condition which guarantees that a 



function F G 7^g(n+) belongs to the set TZq 
result goes back to [29l Theorem 3.3]. 



[2n+l] r 



[n+; (sj)^"^\]. In the scalar case, the 



Theorem 6.6. Let n G 

trices, and let F G lZq(Jl+) be such that 



0, let {sj)'^^_\ be a sequence of Hermitian complex q x q ma- 



Then belongs to 7^g(^+). If ^2^^'^ I even belongs to IZq (n+), then the function 

F belongs to 7^Sf"+'l[^+; {s,)fJ-_\]. 



(6.23) 
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Proof. For all y G (0, +cxd), we get from formula (jS.lip in Remark 15.91 that 

F<^(iy) = (iy)-i [P^i^.iiy) - S2n+i_ ■ 

In view of (lOHD . this implies 1^21^. Thus, Theorem lOl yields F € 7^f"^[^+; (sj)|!^_J. 
Part (jb]) of Proposition 15.131 shows then that F belongs to 7^g(n+). Now we additionally 
suppose that i^2n+i ^ Then part (|b]) of Proposition 15.131 provides us F S 

7^^^"'"^^'(n+), in particular ap G A^> o^+ilK), and Sg'^^^ = S2n+i - Tpi'') • From F G 

7^f"'[^+;(sJ■)^=_l] we see = S-i and that ap G X| [M; (sj)|:io, =]. Since ^2^^+^ 
belongs to Tl[ '(n_|_), Proposition |3J4J and (|6.23p yield 7p<s> = liniy^+oo F2n+i 

Ogxq- Thus, we get S2n+i = S2n+i- Consequently, ctf belongs to Ml[R; {sj)"^^^ ,=]. 
Hence, F e 7^['"+'l [n+ ; {sj . □ 

Proposition 6.7. Let n E No and let be a sequence of Hermitian complex 

q X q matrices. Then 



^[2n+l] 



Jqxq 



= |f G 7^,(^+) ^2^+1 G 4-'kn+) and ^Um^F2tVi(iy) = 0, 
Proof. Combine part (jaj) of Proposition 15.121 (j6.17p , and Theorem 16.61 □ 

7. On a Schur Type Algorithm for Sequences of Complex 
p X q Matrices 

In this section, we recall some essential facts on a Schur type algorithm for sequences 
from C^^"^, which was introduced and investigated in [23]. The elementary step of this 
algorithm is based on the use of the construction of the reciprocal sequence of a finite 
or infinite sequence from C^*. For this reason, we first remember the definition of the 
reciprocal sequence. 

Let K G No U {+00} and let (sj)j=o ^ sequence of complex p x q matrices. Then 
the sequence (Sj)j=o °^ complex q x p matrices, which is given by Sq := and, for all 
k G Zi^K; recursively by 

fc-i 

tJ ._ _ t i 

j=0 

is called the reciprocal sequence corresponding to {sj)j^Q. For a detailed treatment of 
the concept of reciprocal sequences, we refer the reader to [23] . 

Now we explain the elementary step of the Schur type algorithm under consideration. 
Let K G Z2,+ooU{+oo} and let {sj)j^Q be a sequence from C^^"? with reciprocal sequence 
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{Sj)'j^Q. Then the sequence {s 



(1)nk-2 
)j=0 



defined for all j G Zq k-2 by 



,(1) .. 



(7.1) 



is said to be the first Schur transform of (sj)^^q. 

Remark 7.1. Let k G Z2,+oo U {+oo} and let (sj)^^q be a sequence of complex pxq ma- 
trices. Let (Sj-^'')jrg be the first Schur transform of (sj)^^Q. Let m G '^2,k- Then from 
(|7.1|) it is obvious that {s^-^^)Y=q is the first Schur transform of (sj)^Q. 

The repeated application of the first Schur transform generates in a natural way a 
corresponding algorithm for (finite or infinite) sequences of complex pxq matrices: 
Let K G No U {+00} and let (sj)j=o ^ sequence of complex pxq matrices. Then we 

call the sequence {sj^^)j^q, given by s^^'^ := sj for all j G Zo,k, the 0-th Schur transform 
of isj)j^Q. If K > 2, then we define recursively, the A:-th Schur transform: For all A; G N 

^W'jK-2k f Jk-l)^K-2{k-l) 



is called the k-th 



with 2k < K, the first Schur transform {sj )jZo of (s) 
Schur transform of {sj)j^Q. 

One of the central properties of the just introduced Schur type algorithm is that it 
preserves the Hankel non-negative definite extendability of sequences of matrices. This 
is the content of the following result, which is proved in j24l, Propositions 9.4 and 9.5]. 



Proposition 7.2. Let k G No U {+00}, let {sj)'^^Q G , and let A: G No with 2k < k 



Then the A;-th Schur transform {s^^^)j^Q^ 



3)3=0 



' of isj)'J=o belongs to nl'^_2^. 



In our considerations below, the special parametrization of block Hankel matrices in- 
troduced in |19y24| will play an essential role, the so-called canonical Hankel parametriza- 
tion. For the convenience of the reader, we recall this notion. Let k G No U {-|-oo} and 
let (sj)^^Q be a sequence in C^^'J. For every choice of non-negative integers I and m 
with / < m < K, let 



yi,: 



si 

Sl+l 



and 



Zl,m '■— [Sl, Sz+l, . . . , Sm]- 



For all n G No with 2n < k, let 

and, for all n G No with 2n + 1 < k, let 



Kn '— [Sj+k+l\'j,k=0- 



Let 



Mq :— Opxq 



and 



Mn ■— Zn,2n-lH\_iyn+l,2n 
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for all n G N with 2n < k. Furthermore, let 

No := Opxq and Nn := ^;n+l,2n-f^I_iyn,2n-l 

for all n G N with 2n < k. Let 

So := Opxq and E„ := Zn,2n~-lHl^-iKn-lH\_iyn,2n-l 

for all n G N with 2n — 1 < k. For all n G No with 2n < k, let 
Let 

Lq := So and L„ := S2n - 2n,2n-l-f^i_iyn,2n-l (7.2) 

for all n G N with 2n < k. 

Definition 7.3. Let k G NU {+00} and let (sj)^=o a sequence in C^^'?. Then the 
pair of sequences [iCk)'^^^, (-Dfe)fc=o] given by Ck ■= S2k-i - ^k-i for aU k G Zi^^ and by 
Dk '■= Lk for all k G Zo,k is called the canonical Hankel parametrization of (sj)|^,o- 

Remark 7.4. Let k G NU {+00} and let (Cfc)^^-^ and {Dk)%^Q be sequences of complex 
p X q matrices. Then one can easily see that there is a unique sequence (sj)|^^Q of complex 
p X q matrices such that [{Ck)'l^i, {Dk)'^^Q] is the canonical Hankel parametrization of 
(sj)j^;Q, namely the sequence given by sq := Dq and for each k G Zo,k, by S2fc-i '■= 

Afc_i + Cfc and S2k ■= Zk,2k-iHl_^yk,2k-i + Dk- 

In |19y24) several important classes of sequences of complex p x q matrices were char- 
acterized in terms of their canonical Hankel parametrization. From the view of this 
paper, the class of Hankel non-negative definite extendable sequences is of extreme 
importance (see Theorem 1 1.31 Proposition [5i3|). In the case of a sequence (sj)j^Q G ^^2k' 
the canonical Hankel parametrization can be generated by the above constructed Schur 
type algorithm. This is the content of the following theorem. 

Theorem 7.5 ([Ml Theorem 9.15]). Let k G N U {+00} and let {sj)j^Q G 71^2^ with 
canonical Hankel parametrization [(Cfe)^^j^, {Dk)'^^^]. Then Ck = for all k G Zi^^ 

and Dk = s'^^ for all k G Zq^k- 

An essential step in the further considerations of this paper can be described as follows. 
Let K G ^2^+00 and let (sj)^^Q G ^^k. Denote by {s^p)jZ^ the first Schur transform 
of (sj)^^Q. In view of Proposition 17.21 we get then {s^p)jZQ G ^^^-2- Thus, part (jb]) 

of Proposition 15.41 yields that both sets 7^K^g[n+; (sj)^^o] 7^K_2,ij[n+; {s^^^)^!^] are 
non-empty. Then a central aspect of our strategy is based on the construction of a 
special bijective mapping with the property 

^{+;so,si) {T^K,q [n+; (Sj)^=o]) = T^K-2,q 



TT /„(l)\K-2 
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This mapping T(^^.so,si) will help us to realize the basic step for our construction of a 
special Schur type algorithm in the class 7^q(n+), which stands in a bijective corre- 
spondence to the above described Schur type algorithm for Hankel nonnegative definite 
extendable sequences. In order to verify several interrelations between the algebraic and 
function theoretic versions of our Schur type algorithm, we will need various properties 
of sequences of complex q x q matrices with prescribed Hankel properties. Now we give 
a short summary of this material, which is mostly taken from 



Lemma 7.6 ([21 Lemma 3.1]). Let /t G No U {+00} and let (sj)^^o G nf^'^- Then: 

(a) S2k G C^""^ for ah k G Zo,|. 

(b) = si for ah I G Zo,k- 

(c) Ui=2fc^(^i) ^ and N{s2k) ^ f]]=2k^i^j) all k G Zo,|. 
Lemma 7.7. Let k G NU {+00} and {sj)^'!^ G "H^aK- Then: 

(a) S2k G C>^^ for all k G Zo,k- 

(b) Si = si for ah / G Zo,2k- 



(c) [jf=o'R(^j) ^ Ri^o) and N{so) Q nT=o' N{s,). 

(d) For all k G '^o,k, the matrix Lk defined in ()7.2p is non-negative Hermitian. 

Proof. The assertions of ((aj)-(jcj) follow from [21 Lemma 3.2]. From ()7.2p and (jaj) it 
follows Lq = So G C>^''. If K G N, then a standard result on the structure of non- 
negative Hermitian block matrices (see e.g. [161 Lemma 1.1.9]) implies Lk G C>^'' for 
kGZi^^. ~ □ 

Now we recall a class of sequences of complex matrices which, as the consideration 
in [23] have shown, turned out to be extremely important in the framework of the above 
introduced Schur algorithm. 

Definition 7.8 ([23j Definition 4.3]). Let k G No U {+00} and (sj)j=o ^ sequence 
of complex p x q matrices. We then say that {sj)j^Q is dominated by its first term (or, 
simply, that it is first term dominant) if 

K K 

N{so) C fl iV(.,,) and (J R{sj) C R{so). 

j=0 i=o 

The set of all first term dominant sequences (sj)^^Q of complex p x q matrices will be 
denoted by Ppxg.K- 

For a comprehensive investigation of first term dominant sequences, we refer the reader 
to the paper |23j. 

From the view of the Schur type algorithm for sequences of matrices, the following 
result (see also [24:\ Proposition 4.24]) proved to be of central importance. 
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Lemma 7.9. For all k G No U {+00}, the inclusion T-L^'k ^ T^qxq,K holds true. 
Proof. Apply part (jcj) of Lemma 17. 6[ □ 
Now we turn our attention to further important subclasses of the class of all Han- 



kel non-negative definite sequences. Let n e No and let (sj)^!lg be a sequence from 



C'^^'^. Then (sj)|"Q is called Hankel positive definite if the block Hankel matrix Hn '■= 
[sj+k]^f.^Q is positive Hermitian. A sequence (sj)?2,Q from C^^"^ is called Hankel posi- 
tive definite if for all n E No the sequence (sj)^"Q is Hankel positive definite. For all 
K G No U {+00}, we will write 'H^2k ^f all Hankel positive definite sequences 

(sj)|^o from ^9^9. 

Remark 7.10. Let n G No- Then [191 Remark 2.8] shows that Ti^^n ^ '^^2n- 
Lemma 7.11. Let k G No U {+00} and let (sj)^^o G ^^2k- Then: 

(a) S2k G C>^* for all k G Zo,k- 

(b) Si = si for all / G Zo,2fc- 

(c) For all k G Zo,k) the matrix defined in ()7.2p is positive Hermitian. 

Proof. All assertions are immediate consequences of results on non-negative Hermitian 
block matrices (see e.g. jl61 Lemma 1.1.7]). □ 

Let n G No and let {sj)^^^ be a sequence from C'^^''. Then (sj)^"Q is called Hankel 
positive definite extendable if there exist matrices S2n+i and S2n+2 from C^"^ such that 
{^j)'j=o^^^ G ^^2(n+i)" The symbol 'H^2n stands for the set of all Hankel positive definite 
extendable sequences (sj)j!iQ from C^^i. 

Proposition 7.12 ([191 Proposition 2.24]). Let n G No and let (sjO^^cT^^ be a sequence 
from C^*^. Then the following statements are equivalent: 

(i) iSj)f=(^^^ e '^q,2{n+iy 

(ii) {sj)'j'lQ G 'H^2rn ■52n+i £ C^^'' and there exists a matrix D G C^^"^ such that 

+ D. (7.3) 

Corollary 7.13. Let n G No. Then U^^:^^ = n^^n- 

Proof. Use Proposition 17.121 □ 

It should be mentioned that Remark 17.101 is also a consequence of Corollary 17.131 
Let n G No and let (sj)|"o^ be a sequence from C^^«. Then (sj)|"g^ is called 
Hankel positive definite extendable if there exists a matrix S2n+2 £ C'^^'' such that 
(.^j)'j=o'^^ G ^^2(n+i)' The symbol 'H^2'n+i stands for the set of all Hankel positive 
definite extendable sequences {sj)^lt^ from C'?^''. 
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Proposition 7.14. Let n G No and let (sj)'^'^^ be a sequence from C^^"?. 

(a) The following statements are equivalent: 

(l) (^i)j=0^ ^ ^^2n.+l- 

(ii) {s,)]l, G nl,^ and S2n+i e C^""?. 

(b) Let (sj)|"g"^ G ^^2n+i ^'^d S2n+2 £ C'^^'^. Then the following statements are 
equivalent: 

(iv) There exists a matrix D G C^^*^ such that ()7.3p . 
Proof. All assertions follow immediately from Proposition 17.121 □ 

8. On a Coupled Pair of Schur Type Transforms 

The main goal of this section is to prepare the elementary step of our Schur type algo- 
rithm for the class TZq{Il+). We will be led to a situation which, roughly speaking, looks 
as follows: Let A,B e CP'"^, let ^ be a non-empty subset of C, and let F: ^ ^ C^''^. 
Then the matrix-valued functions f(+'^'-^) : G C^^" and F^"'^'-^) : G CP^"? which 
are defined by 



and 

pi-,A,B) _ _^ fj^ ^ - B]) \ (8.2) 



respectively, will be central objects in our further considerations. The special case B = 
Opxq will occupy a particular role. For this reason, we set 

Against to the background of our later considerations, the matrix- valued functions 
p{+;A,B) p{-;A,B) g^j^g called the (A, B)-Schur transform of F and the inverse 

{A, B) -Schur transform of F. 

The generic case studied here concerns the situation where p = q, A and B are matrices 
from C^*^ with later specified properties, Q = H^, and F G TZq{Il^). 

The use of the transforms introduced in ()8.2p and ()8.3p was inspired by some consider- 
ations in the paper Chen/Hu [9]. In particular, we mention [Qi Lemma 2.6 and its proof, 
fromula (2.7)]. Before treating more general aspects we state some relevant concrete 
examples for the constructions given by fromulas ()8.ip and (|8.2p . First we illustrate the 
transformations given in (|8.ip and (|8.2p by some examples. 

Example 8.1. Let A,B £ C""?. In view of (fST^ . then: 

(a) Let a G and let F:U+^ be defined by F{z) := a. Then f(+'^'^\z) = 
B - Aa^A + z{-A) for all z G n+. 
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(b) Let /? G and let F : n+ ^ be defined by F{z) := z/3. Then (z) = 
B + z{-A) - \AI3^A for all z G n+. 

(c) Let M £ 0^5, let r G M, and let F: n+ ^ C«^« be defined by F{z) := ^^M. 
For all z G n_i_, then 



F{+;A,b), 



'b + z{AM^A-A) ,ifr = 

B + z{-A) + j^^^^AM^A ,ifT/0' 



For all r G M, let d-r be the Dirac measure defined on *B]k with unit mass at r. 
Furthermore, let o^: 'Bk — C>^'^ be defined by Og{B) := Ogxq- 

Example 8.2. Let A G with -yl G C?,''^ and let B G C^""^. In view of Theorem O 
and Example 18.11 then: 

(a) Let a G C^'"' and let F:U+ ^ be defined by F{z) := a. Then F G 
7^q(n+) and (ap, /SfjVf) = {a,0qxq,Oq). Furthermore, F^^'^'^^ G 7^g(n+) and 

iap{+;A,B) , I3p(+;A,B) , iyp{+;A,B)) = {B - Ao^ A, -A,Oq). 

(b) Let /3 G C^""^ and let F: n+ ^ C^^? be defined by F{z) := z/3. Then F G 
7^5(^+) and {aF,/3F,i^F) = (Ogxg, Og). Furthermore, F(+'^'-^) G and 
(a^(+;A,s),/3^(+;A,s),i^^(+;A,fl)) = {B , — A, Al^"^ A) . 

(c) Let M G Cl""^, let T G M \ {0} and let F:U+ ^ be defined by F{z) := 
^^M. Then F G ■7^g(^+) and {ap^PF^T^p) = (Og^g, Oqxq, SrM). Furthermore, 
F{+;A,b) ^ TZgiU+) and 

iap( + ;A,B),f3p( + ;A,B),iyF(+;A,B)) = {B , - A, 6 _ 1 AM^ A) . 

T 

Example 8.3. Let A G O^", let G C^'"', let M G C^'"' with AM^A > A and let 
F: n+ be defined by F{z) := -^M. In view of Theorem O and Example [Ml 

then F G 7^^(11+) and (ai?, /3i?, i/i?) = {Ogxq, Ogxq, ^oM), and, furthermore, f(+'"^'^) G 
7^5(11+) and {ap(+;A,B),l3p(+;A,B),i'F{+:A,B)) = {B,AM^A - A,Og). 

Example 8.4. Let A,B,P e C?^? and let F : U+ be defined by F{z) := B + zl3. 
In view of ([82]), then F(-'^-^)(z) = -^^(/g + for ah z G n+. 

Example 8.5. Let A G let 5 G C^''^ let (3 G C^'"*' with A{Ig+A^(3)^ G C^""^ and let 

F: n+ C^^-? be defined by F{z) := B + zf3. In view of Theorem O and ExampleEH 
then F G and [ap^PF^vp) = {B,/3,0g), and, furthermore, F^"'^'-^) G 

and 

(ap(-;A,S),/3^{-;A,S),Z^j;'(-;A,B)) = (Ogxq , OqXq , SQA{Ig + A^ /S)''^ . 

A central theme of this paper is to choose, for a given function F G 7^g(n+), special 
matrices A and i? from C'^^'^ such that the function F^^'^'^^ and F^~'^'-^\ respectively, 
belongs to 7^^(11+) or to special subclasses of 7^^(11+). The following result provides a 
first contribution to this topic. 
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Proposition 8.6. Let F £ 7^g(^+). Further, let A G C^^"? be such that -A G C^'"' 
and let B G C^''''. Then F^+''^'^'^ G 

Proof. Let G: n+ ^ be defined by 

G{z) :=B- zA. (8.4) 
In view of i? G C^^"^, — A G C>^'', and (j8.4|) . we see from part (jbj) of Theorem 12.11 then 

G G 7^g(^+). (8.5) 

Taking A* = A into account, we infer from Proposition 12.91 and Remark 12.41 then 

-^fU G 7^g(^+). (8.6) 

Because of (j8.1|) and (j8.4|) . we have 

Using ([83]), dSSl), and ([SID, we get F^+'^'^^ G 7^g(^+). □ 
Furthermore, we will show that under appropriate conditions the equations 

hold true. The formulas in (j8.8p show that the functions F^~^'^'-^^ and form 
indeed a coupled pair of transformations. Furthermore, it will be clear now our termi- 
nologies "(A, -B)-Schur transform" and "inverse (^, i?)-Schur transform". If all Moore- 
Penrose inverses in (|8.1|) and (|8.2|) would be indeed inverse matrices, then the equations 
in ()8.8p could be confirmed by straightforward direct computations. Unfortunately, this 
is not the case in more general situations which are of interest for us. So we have to 
look for a convenient way to prove the equations in ()8.8p for situations which will be 
relevant for us. Now we verify that in important cases the formulas ()8.ip and (j8.2p can 
be rewritten as linear fractional transformations with appropriately chosen generating 
matrix- valued functions. The role of these generating functions will be played by the 
matix polynomials Wa,b and Va,b which are studied in Appendix ICl 

Lemma 8.7. Let A,B e C^'^'^ be such that N{A) C N{B) and let Wa,b be defined in 
(jC.ip . Furthermore, let ^ be a non-empty subset of C and let F : ^ — )■ be a mapping 
which satisfies for all z £ G the conditions N{A) C N{F{z)) and RiF{z)) C R{A). For 
all z £ Q, then the relations 

F{^) e Q[^A^,i,-AtA] and (F(z)) = F(+-'^'^\z) 

hold true, where F^'^'^'^^ is defined in ()8.ip . 

Proof. Taking (|8.ip and (jC.ip into account Lemma IC.31 vields all assertions. □ 
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Remark 8.8. Let A G CP^"? and let Wa be defined by (I(l3)l . Furthermore let ^ be a 
non-empty subset of C and let F: Q ^ <CP^'i be a mapping which satisfies, for all 2 E ^, 
the conditions N{A) C N{F{z)) and C Setting B = Opy,g in LemmaEZl 

then, for sdl z £ Q, the relations 

F{z) G Q[_^t,/,_^tA] and S^'f^^^ = 

hold true, where is defined in (|8.3|) . 

The follwing application of Remark 18.81 and Lemma 18.71 is important for our further 
considerations. 

Lemma 8.9. Let k e No U {+00}, let {sj)'J^Q e n^'^ and let F e (sj)^^o]. 
Further, let z £ 11+. Then: 

(b) 5{^fj(^)(F(z)) = F(+^^o)(^). 

(c) If K G NU {+00}, then 

Proof. In view of part (|aj) of Proposition 15.71 we have 

N{F{z)) = N{so) and R{F{z)) = R{so). (8.9) 

Taking ()8.9p into account, we infer from Remark 18.81 the assertions of (|aj) and (|b]). 

Suppose now that k E N U {+00}. Then part (jcj) of Lemma [721 gives -^(so) ^ -^(■si). 
Combining this with ()8.9p we see from Lemma 18.71 that (jcj) holds. □ 

Now we state an important situation where formula (|8.2p can be rewritten as linear 
fractional transformation. 

Lemma 8.10. Let A G B G and let Va,b be given by ([02]). Let G G 

7^g(n+) be such that its Nevanlinna parametrization (ac, /3g, fc) satisfies the inclusion 
N{A) C [N{aG) n iV(/3G) n iV(z^GW)]- Let F ■.= G + B. For aU z G n+, then 

Fiz) G Q[At,.7,-AtB] and = 5^;^]^^) (F(z)) . (8.10) 

Proof. Let z G 11+. Since G G 7^q(n+) is supposed, we infer from Lemma [22] that 

N{A) Q N {G{z)) . (8.11) 

Since A G C^^"^ we have A G C^p'^. Thus, part (jb]) of Lemma 12.81 yields 

R{G{z)) <Z R{A). (8.12) 
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In view of G G 7^q(n+), we have F{z) — B £ Iq,>, whereas the relations (jS.lip and 
(I8J2]1 yield the inclusions N{A) C N{F{z) - B)~and R{F{z) - B) <Z R{A). Thus, 
the application of part jdj) of Lemma [C.5I provides us F(z) G Q[A'',ziq-A'iB]- Now the 
application of Remark IC.4I yields finally 

fH^'^)(z)=5{?;;^](^)(F(z)). □ 

Now we are going to consider the following situation which will turn out to be typical 
for larger parts of our future considerations. Let A S C^^"^ and B G C'^'^ be such that 
N{A) C N{B). Further, let F E 7^g(^+) be such that 

N{A) C N{aF) n N{I3f) n N (i^fW) . (8.13) 

Then our aim is to investigate the function F^^'"^'-^^ given by ()8.2p . We start with an 
auxiliary result. 

Lemma 8.11. Let A G C^'"' and let B G C^""^ be such that N{A) C N{B). Further, 
let F G 7^g(^+) be such that (I8T3H holds. Then G := F - B belongs to as well 

and 

{aG,l3G,J^G) = {ap - B,/3f,i^f)- (8.14) 
Furthermore, for all z G n_|_, the relations in (j8.10p hold true. 

Proof. Since the matrix B is Hermitian and since F belongs to 7^g(n+), we see from 
Theorem 12.11 that G ■= F — B belongs to TZq{Il+) as well and that ()8.14p holds. Because 
of N{A) C N{B), Niap) n N{B) C N^ap - B) = N{aG), and (fgTTBD . we then have 

N{A) = N{A) n N{B) C Niap) n N{I3f) n N {lypiR)) n N{B) 

= Niaa) n N{l3p) n N (M^)) = ^iac) n Nif^a) n iV {ug{R)) . 
Applying Lemma 18.101 completes the proof. □ 

The following two specifications of Lemma l8 . 1 1 1 plav an essential role in our subsequent 
considerations. 

Lemma 8.12. Let {sj)]^^ G Tiff and let F G Vg'^'^[so]. For each z £U+, then 
F{z)eQ.t , t 1 and f'^-'"'''^\z) = S^^^'^^ JF{z)) . 

Proof. From Lemma 17.61 we infer 

so G Cf si G C^'"', and N{so) C N{si). (8.15) 

Let z G n_|_. In view of F G Vf'^[so], part © of Lemma Ol vields 

Ar(so) CAr(F(z)). (8.16) 

From ([32]) and Remark [321 we see the inclusion V°'^'^[so] C 7^g(^+). Thus, from ([8T6|) 
and part (jaj) of Lemma 12.81 we obtain 

iV(so) C Ar(ap) n 7V(/3f) n N {up{R)) . (8.17) 

In view of (|8.15p and ()8.17p . the application of Lemma 18.111 yields all assertions. □ 
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Lemma 8.13. Let (sj)°=o ^ ^Jo ^nd let F £ V^'""^[so]. Further, let z G n+. Then 

Fiz) G Q[,t,,,,] and F(--)(.) = (Hz)) ■ 

Proof. From part (jaj) of Lemma 17.61 we infer sq £ C^^"^. Clearly 

OgxgGCfj^' and iV(so) ^ iV(Ogx,). (8.18) 

In view of F € 'P^'"'''[so], we see from gl]) that F € 7^t"^'(^+) and A^(so) C Ar(air) n 
N{f^F{M)). Thus, Lemma 13.81 implies 

iV(so) C Ar(aF) n Nifip) n TV (z^fW) . (8.19) 

In view of sq S C>^'^, ()8.18p . ()8.19p . and (|8.3p . the application of Lemma r8. 1 1 1 completes 
the proof. □ 

Now we formulate the first main result of this section. Assuming the situation of 
Lemma [8.111 we will obtain useful insights into the structure of the inverse (A, i3)-Schur 
transform of F. 

Proposition 8.14. Let A G C^""" and B G C^""^ be such that N{A) C N{B). Further, 
let F G 7^g(^+) be such that" (I8T3]) holds, and let H:U+-^ C^x? be defined by 
H{z) := -B + zA + F{z). Then: 

(a) H G 7^g(n+) and (an, I3h,'^h) = ("f - B,/3f + A,uf)- 

(b) For each z G 11+, 

N {H{z)) = N{I3h) C N{A) C N {F(z) - B) (8.20) 

and 

det [zlq + A^ [F{z) - B]^ / 0. (8.21) 

(c) = ^*(-Ft)A 

(d) G 7^o,g[^+;(^J)0^o] ^^ere to := A{A + Pf)^A. If F G 7^t"^^(^+), then 
to = A 

(e) ii(F(-'^-^)(2)) = R{A) and N {F^-'^^^\z)) = N{A) for ah z G n+. 

(f) iV(a^(-;A,B)(M)) = 7V(^) and R{a pi-,A,BM)) = R{^)- 

(g) If det ^ / 0, then det F^-'^^B\z) / for all z G n+. 
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Proof. (Ilj) Taking B e C^^'' , A e Cl""^ , and F e ■7^g(^+) into account, we see from 
Theorem 12.11 that H belongs to 7^g(n_|_) as well and that 

{aH,PH, i^h) = {ap -B,I3f + A, up). (8.22) 
(jb]) From ([5:22]) we infer 

N{aF)nN{B) C N{aF - B) = N{aH) (8.23) 

and 

N{PF)nN{A)CN{^F + A) = N{PH)- (8.24) 
Consequently, from N{A) C N{B), (|8T3D . ([823]), and ([Oil! then 

Ar(^) = Ar(A) n Af(B) C N{aF) n (B) n (/3f) n N{A) n (i^f(K)) 

CN{aH)nN{f3H)nN{iyHm) 

follows. Let G := F -B. Thus, Lemma EH] shows that G G 7^g(^+) and (fHHIl hold 
true. Proposition 12.71 yields 

N {G{z)) = Niac) n N{(3g) n iV {ug{R)) (8.25) 

and 

iV (i/(z)) = N{aH) n iV(/3//) n N {uh{R)) (8.26) 

for all z G 11+ . Since A and /3f are non-negative Hermitian matrices, we have /3h = 
(3f + A > A > Ogxq and, consequently, 

N{/3h) C N{A). (8.27) 

The inclusion ()8.27p and the assumptions N{A) C N{B) and (jS.lSp imply together with 
({8:22]) the relations 

N{f3H) C A^(^) C iV(S) n N{aF) n iV (z^f(M)) 

C N{aF -B)nN (uFiR)) = N{aH) n {uh{^)) ■ 

Thus, we see that 

Nian) n N{(3h) n N MR)) = N{/3h) (8.28) 

is true. For all z e U+, from iK26h . iKMi . and IKT7}i we know that N{H{z)) = 
N{/3h) ^ A^(^) holds for all z £ n+. Since N{A) C N{B) is assumed, we get from 
(I8l^ . (f8Ti]) . and ([8:25]) that 

Af(yl) C Ar(S) n N{aF) n A^(/3f) n A^ (i/f(M)) 
C A^(aF - S) n Ar(/3ir) n N {uf{R)) 

= Niao) n N{Pg) n AT (z^g(K)) = N {G{z)) = N {F{z) - B) 
is fulfilled for all z eU+. Thus, ([8:20]) is true for all z G n+. 
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In view of ^ G C^^*^, we have A G C^p'^. Hence, taking (j8.13p into account, we infer 
from Lemma 12.81 then 

AA^F{z) = F{z) (8.29) 

for ah z G n+. Because of A* = A, B* = B and N{A) C N{B) we get from Remark IXil 
then 

AA^B = B. (8.30) 

Let z G n+. In order to check that 



N(zlg + A^ [Fiz)-B]) ={0,xi}, 



i.31) 



we now consider an arbitrary v G N{zlq + A'^[F{z) — B\). From (j8.30p and ()8.29p then 



-AA'^B + zA + AA^F{z) \ v = A (zlq + A^ [F{z) - B\] v = O^xi 



H{z)v 



follows. Consequently, (|8.20p implies [G(z)]7; = O^xi and, thus, 

V = -i^v + A^Og^i) = - \zlg + A^Giz)] v = - (zig + A^ [F{z) -B]\v = Ogxi- 



z 



z 



z 



This shows that (|8.3ip is true. In other words, (j8.2ip holds. 

(jcj) Let us now consider again an arbitrary z G 11+. From ()8.20p and part (jaj) of 

Remark D we conclude AH'^{z)H{z) = A. Using this, (HJU), (IH3Q|), and the 
assumption A* = A, we then obtain 

^(-;A,B)(^) = -A[H{z)]'^ H{z) [zlq + A^ [F{z) - 5])^ 

= -A [H{z)\^ [zA + F{z) - B] [zIg + A^ [F{z) - B] 

= -A [H{z)\^ A (zIg + A^ [F{z) - B]] (zl^ + A^ [F{z) - B] 



-1 



Al-H(z)VA = A* 



-H\z) 



A. 



(jd]) Because of H e 7^g(n+) and Proposition [2]9l we see that —H'^ belongs to Tlq{Il+). 
Thus, dc]) and j2l Remark 3.4] show that F^"^^^^^ belongs to 7lg(n+) as weh. Since the 
matrices A and (3f are non-negative Hermitian, the matrix to is non-negative Hermitian 
as well. From Proposition 12.51 we know that 

hm -H{iy)=f3H. 

Furthermore, for all y G [l,+oo), we get from ()8.20p that 

" 1 



rank 



-HCiy) 



q - dim N {H{\y)) = q- dim N{i3h) = rank I3h 
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holds. Thus, the apphcation of Lemma lA. 101 yields 



lim 



4- 



^.32) 



Now, we see from ()8.32p . parts (jaj) and ((cj), and Remark 15.91 that 



lim 

y^+oo 



-H{iy) 



A + A* A 



lim 



lim iy 

y—^+oo 



iyA* (- [i^(iy)]t) A + A{A + f3F)^A 
F(-;A^)(iy) + (iy)-ito 



Consequently, in view of ^ 7^^(11+), part (jaj) of Theorem 16.11 implies ;^'^) g 

7^o,g[^+; (ij)°^o]. If F G 7et~^'(n+) we see from Remark [33] that jSp = Ogxg- Thus, 
to = AA^A = A. 

(jej) In view of (j8.2ip . we have 

= -A (zl^ + [F{z) - 5])^ = (z/, + [F{z) - B])'^ . 



Thus, 



R(^F'^~'^'^\z)j = R{A) and 
In view of F^-^^'-^) G T^q(n+), Lemma [Ml yields 

N (^[f^-^^^Xz)]*) = N (^F(-'''^\z)) . 
Taking A* = A into account we get 



N{A*) 



Ar(i7(~;A,B)(. 



NiA). 



In view of (jdj) and (jej) , the application of Lemma 13.221 yields 
I This follows immediately from (jej). 

ixq 



□ 



Corollary 8.15. Let A G C^""" and B G C^'"' be such that N{A) C N{B). Let 



s G C?^^ with Ogxg < s < ^ and ranks = rank A. Further, let F: 



defined by F{z) 



^.{A - s)s^A. Then F belongs to TZg{U+) and fulfills N{A) C 



Niap) n 7V(/3f) n N{uf{R)). Moreover, F^"'^'-^) G 7^o,g(^+) and s, 



s. 



Proof. Because of O^xg ^ s < A and ranks = rank^, we have A^(s) = N{A) and 
R{s) = R{A), which in view of Lemma lA. 51 implies 



ss 



and 



sh = A^A. 



i.33) 
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Hence, from (|8.33p and Lemma lA.71 we obtain 

{A - s)sU = As^A - ss^A = A*s^A - ss^A 

> A*shAhs^A - ss^A = AA^AA^AA^A - AA^A = O^xy 

Thus, Theorem 12.11 yields F E 7^^(11+) and {ap, Pf, i^f) = {Oqxq, {A — s)s^A, Oq), where 
Oq: !Br — )• C^^i is given by Oq{B) := Oqxq- In particular, we have then 

N{A) ^n(^{A- s)sU) = Niap) n N{Pf) n N (i^f W) 

and, taking ()8.33p into account, furthermore 

A + I3f = A + {A- s)s^A = A + As^A - ss^A = As^A. (8.34) 

Thanks to part jd]) of Proposition EH we get then G 7^o,<^[^+; (tj)°=o]' where 

to := A{A + Pf)''A. In view of this implies F^"'^'-^) E 7^o,g(II+) and, because of 

iKM^ and ([03]) . furthermore 

^[^(-;A,S)] ^ ^ ^ ^^^^^ ^ A{As^A)^A 

= AA^AA^A{As^A)^AA^AA^A = ss^ss^A{As^A)^Ashs^s 

= sA'^ As'' A{As^ A)'' As^ AAh = sA'^As'^AAh = sshshs'^s = s. □ 

Corollary 8.16. Let A £ d^'^ and B £ C^^" such that N{A) C N{B). Let F £ 
7^g(^+) be such that (f833]> holds. Then F^-^^'^) belongs to 7^o,g(^+), and Ogxg < 

Ip{-;A,B)l rp(-;A,B)-l 

Sq < ^ and ranksQ = rankvl hold true. 

Proof. The application of part (01) of PropositionEHyields F^-'^^^'^ E ■^o,<?[n+; {tj)°j=o\, 
where to := -4(^ + /3f)''A. In view of ([O]) . this implies F^-^^'-^) E 7^o,g(^+) and 

Because of /Ji? E Ci^^, we have ^ + /3i? > A > Oqxq, which in view of Lemma IA.7I 
implies A > A{A + > Oqxq and R{A{A + I3f)''A) = R{A). Thus, we obtain 

!p{-:A,B)l !p(-;A,B)-l 

Oqxq < -Sq < A and ranksQ = rank A. □ 

Now we indicate some generic situations in which the formulas in (|8.8|) . respectively, 
are satisfied. We start with formula ()8.8p . 

Proposition 8.17. Let A, B £ C""' and let F £ TZq{U+) be such that (I8T3I1 and 

RiA) = R{aF) + Ril3F) + Ri'^Fi^)) (8.35) 
are fulfilled. Then (f^+;AB)^(-^'^) ^ p 
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Proof. Let z G II-i-. From ()8.13p . (j8.35p . and Proposition 12.71 we know that 

N{A) C N{aF) n N{(3f) n N (ufW) = N {F{z)) 

and 

R{A) = Riap) + RWf) + R (z^fW) = R {F{z)) . 
In view of ()8.36p and ()8.37p . we infer from Lemma lA. 51 then 

[F{z)] [F{z)]^ = AA^ and [F{z)]^ [F{z)] = A^A. 

This imphes 



A^A[F{z)]^ = [F{z)]'^ 



and 



[F{z)]^AA^ [F{z)] = [F{z)]^ [F{z)] = A^A. 
Using {Iq - A^A)A^ = Ogxg, M^q - ^^^) = Ogxg, and ^Mil, we obtain 

Iq - A^A + ^ [F{z)]^ A^ (^Ig - A^A + zA^ [F{z 
: Iq - A^A + {Iq - A^A) [zA^ [F{z)]) 
+ i [F{z)]^ A{Iq - A^A) + AA^ [F{z)] 

Iq - A^A + A^A = Iq. 



Thus, 



and 



det (^Iq - A^A + i ^) / 



'iq -^^^ + 1 [F{z)]^ =Iq- A^A + zA^ [F{z)] . 

Using ([821), (El]), (I8:39]l . IK^ . and (USE]), we get finally 



-A(^zlq + A^ + 

- A^A) + a) ^ = -i^ (^/g - + ^ in^)]^ A 

--A (iq - A^A + zA^ [F{z)]) = AA^ [F{z)] = F{z). 



Corollary 8.18. Let k G No U {+00} , (sj)^=o ^ ' and F e 7l«,g[n+; (sj)^^o] 



(8.36) 
(8.37) 

(8.38) 

(8.39) 
(8.40) 



(8.41) 



□ 



(a) (F(+'^0'^)) 



F for each B G C«^5. 
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(b) If K G N U {+00}, then (F^+^^o-^i))^ '""'"'^ = F. 

(c) (^(+'^0))^"''"^ = F. 

Proof. According to part (jcj) of Proposition 15.71 the function F belongs to 7^^(11+) and 

dSS]) and dSTD hold. Thus, the application of Proposition lHTTl vields (F^+'^O''^))^"'''''''^'' = 
F for each B G C^^^. Hence, (jaj) is proved. Choosing B — si and B — O^xg in ffaj) . we 
get the assertions of (jb]) and (jcj), respectively. □ 

Now we turn our attention to formula (18. 8D. 



Proposition 8.19. Let A G C^""^ and 5 G C^""^ be such that N{A) C Af(5). Further, 
let F G be such that f^T^ holds. Then ^ ^ 

Proof. Let z G n+. In view of ^ G C^""^ we have A G C^p''. Thus taking (jST^ into 
account, we infer from part (|b]) of Lemma 12.81 then 



AA^F{z) = F{z). 



.42) 



Part (jej) of Proposition EH yields iV(F(-;^''^)(z)) = N{A). Thus, from part (jaj) of 
Remark lA. 31 we infer 



(8.43) 



Since the matrices A and i? are both Hermitian, from N{A) C N{B) the inclusion 
i?(B) C R{A) follows. Consequently, part (|b|) of Remark jXl yields (jSrBU]) . Part (jbj) of 
Proposition EH yields ([8:211) . From (l8:2T]l and ([821) we see 



^.44) 



Using (HI]), SKm . dial]), diaSD, ([5:12]) and (fg^OD we get 



-A ( z/,; + 



i7(-;A,B)(^ 



A] +B 



f(-'^'^\z) 
F(-'^'^)(z) 



t 



A + B 



A zla + \F( 



-zA-A 
-zA + A 

-zA + A 

-zA + yl (z/g + A^ [F{z) - B]) + B = AA^F{z) - AA^ B + B = F{2 



B] 



F(-'^'^)(z)l f(-'^'^)(z) (zI, + [F(z) -B]]+B 



zig + [f(z) -B])+B 



□ 



Corollary 8.20. Let A G and let F G 7^g(n+) be such that ([8T3]) holds true. 

Then (f(-;^))^+'^^ = F. 
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Proof. Choose B = O^vg in Proposition [8.191 □ 
Corollary 8.21. Let m € No U {+00} and let (sj)jLo ^ ^qA- Then: 

(a) (F^-'^O'^i))^"^'""'"'^ = F for each m E NU {+00}. 

(b) = F. 

Proof. Part (jaj) of Lemma 17.61 yields sq G C'l^'^. In the case m G N U {+00} we see 
from part © of Lemma 17.61 that si G C^^"^ and from part (jcj) of Lemma 17.61 that 
N{so) C A^(si). Thus, taking part (jcj) of Proposition 15.71 into account, the application 
of Proposition 18.191 and Corollary 18.201 yields (jaj) and (jb]) , respectively. □ 

9. On the (sq, si)-Schur Transform for the Classes 

The central topic of this section can be described as follows. Let m G No and let {sj)Y=Q G 

T-Lf^m- Then part (jbj) of Proposition 15.41 tells us that the class Tlm,g[^+', (sj)jLo] non- 
empty. If F G 7^m,g[II+; (sj)J^o], then our interest is concentrated on the (so, si)-Schur 
transform i^(+'''o,si) Qf jr the case m G N and on the (sq, Ogxi3)-Schur transform 
i?(+;so) of F in the case m = 0. We will obtain a complete description of these objects. 
In the case m = 0, we will show that F^+'^o) belongs to Pg'"'°[so] (see Theorem [9l^ . 
In the case m = 1, the function F^+'^o-'^i) belongs to V°'^'^[so] (see Theorem [93]) . The 
proof of the latter result is mainly based on Corollary 16.31 and Proposition 15.121 Let 
us now consider the case m G Z2,+oo- If (Sj^^)j^^ denotes the first Schur transform of 
(sj)^Q, then it will turn out (see Theorem 19.71 Corollary 19.81 and Theorem 19. 9p that 

i?(+;^o,si) belongs to 7^™_2,g[^+; {sf^)fSQ^]. Our strate gy to prove this is based on the 

application of Hamburger-Nevanlinna type results for the class TZq ^^(n_|_), which were 
developed in Section [6l Realizing the proofs, we will observe that there is an essential 
difference between the case of even and odd numbers m. In the even case, we will rely 
on Theorem 16.41 The main tool in the odd case (, which requires much more work,) is 
Theorem 16.61 

Now we start with the detailed treatment of the cases m = and m = 1. 
Theorem 9.1. Let sq G and let F G 7eo,g[n+; (sj)°=o]- Then F^+i'^o) belongs to 

Proof. Since F belongs to 7^o_g[n+; {sj)^^^], we have F G 7^o,g(n+) and ap belongs to 
Ml[R;{sj)^j^o,=]. In particular, sq = 4"''' = o-f(K) G C^'"' and Remark [321 shows 
that F G 7?.q(n+). From Proposition 12.91 we see that —F^ belongs to 7^^(11+) as well. 
According to Remark l2.4j then so(— F^)so G 7^^(11+). Using Proposition 12. 5j we get 

Psoi-F^)so = „lim f [-F{uj)]^ so) . (9.1) 
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In view oi F (z 7^o,(j[n+; (sj)^_q], we conclude from part ^aj) of Theorem 16.11 that 

so= lim [-iyF{iy)]. (9.2) 

Prom F G 7^o,q(n+) and Lemma [3.221 we know that R{F{z)) = i?((Ti?(]R)) and, hence 
ranki<'(z) = rankcri?(R) for ah z G II-i-. Thus, for all y G [l,+oo), we have 

rank [— iyF(iy)] = rank(Ti7'(IR) = ranksQ. (9-3) 

Because of (|9.2p and ()9.3p . we see from Lemma fA. 101 that 

lim [-iyF(i2/)]t = 4. (9.4) 

Combining (|9.4p and (|9.ip . we infer 

So = So f lim [-iyF{iy)]) so = lim ( ^so [F{iy)]^ sq) = /3 rpt) 

and, consequently, /3^Q(__pt)so ~ •^o = Oqxg £ C?,^''. For all z G n_|_, from ()8.ip and (jS.Sp 
we see that 

^{+;«o)(^) = (^^j^ + [^(^)]t = j5Q(_i7)t5o] (^) + ^(_so). (9.5) 

Since so(— -F)^so belongs to 7^g(n+), we get from ()9.5p and Remark [2 .31 that then F^^'**") 
belongs to 7^^(11+) as well and that l3p{+-so) = Oqxq- Thus, 

f(+''o) e n[-^\u+) (9.6) 

follows from Remark 13.51 Taking (j9.5p into account, we conclude 

F(+;^°)(i) = [so(-i^)^so] (i) - iso = {-so [F(i)]t - i/,) so 

and, in particular, N{so) C A^(F(+'*°)(i)). Thus from (|9.6p and Proposition 13.71 we get 
N{so) C iV(a^(+;.o)) n 7V(z/^(+;.o)(M)). Consequently, G Pr't^o]- □ 

Corollary 9.2. Let k G No U {+00}, {sj)^^Q G "^1^^ and F G (si)j^=o]- Then 

Proof. Prom Remark 15.31 we get F G 7^o,(?[n+; (sj)^^q]. Thus, the application of Theo- 
rem [97T] completes the proof. □ 

Theorem 9.3. Let (sj)}^o ^ '^q,i and let F G 7^l,g[^+; (sjOj^g]. Then f(+;^0''^i) 
belongs to 7'°'^'^[so]- 
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Proof. For all z G 11+, we see from (|8.ip that 

Because of F G 7^i^g[n+; (sj)j^Q], we have F G 7^i^g(n+) and 



=0' 



(9.7) 



(9.8) 



Furthermore, we see from ()5.3p that the function F belongs to 7^o,g[n+; {sj)^^Q\ as well. 
Thus, Theorem ED yields F^+'^o) e 7^g™''[so]- In particular, F^+'^^o) G ■7^g(^+). From 
()9.8p we see that the matrices sq and si are Hermitian. Thus, we conclude from F^"*"'**"^ G 
■^g(n+), (inZD and Theorem O that f(+;^o,si) also belongs to '7^g(n+). Especially, we 
get then that [l,+c«) — )• [0, +oo) given by 



|ImF(+'^0'^i)(iy)|| 



is continuous and, in particular, Borel measurable. Since F belongs to TZi^q{Il+), we 
have F G 7^g(n+). Consequently, Proposition 12.91 shows that —F^ belongs to ^lg{Il-^.) 
as well. In particular, F^ is continuous. Furthermore, from F G 7^^(11+) and ()5.9p we 
see that Fj^**^ is continuous. Thus, 0: [l,+oo) — )■ [0,+oo) defined by 



G(y):= Re(-(iy)"isoFt(iy) Ff>(iy)-si 4 Fi'\iy) - 



(9.9) 



is continuous. Let s_i := Ogxg- In view of Remark 15. 11 we then conclude that F belongs 
to the class 7^q^'[n+; {sj)^^_i]. According to Corollary 16. 3[ we get 



and 



lim Fi'\iy)=Oq^g 



So = lim [-iyF(iy)] . 

J/— > + CXD 



Since F belongs to 7^i^g(n+) we get from Lemma [3.221 and ()9.8p that 



NiFiz))=N{aFm) = Niso) 



and 



RiF{z)) = R{aF 



Riso) 



(9.10) 
(9.11) 

(9.12) 
(9.13) 



for all z G II-i- and, hence, rankF(iy) = rankso for all y G [l,+oo). Using this fact, we 
see from (j9.1ip and Lemma lA. 101 that 



lim [-iyF{iy)] 



t 



hm (-iy)-MF(i2/)] 

J/— > + CXD 



(9.14) 
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Because of (|9.10p and (j9.14p . we obtain 

SoSoSlSoSi = So4(Ogxg " Sl)s|,(Ogxg " ^l) 



lim so((-iy)-M^(i2/)]M Fl'\iy)-si 4 Ff>(iy)-si 

3/— i-+oo \ / L J L 



lim ©(y). 

J/— > + oo 



(9.15) 



and, in view of ()9.9p . consequently, 

Re(so4si4^i^ 



(9.16) 



Since 6 is continuous, ()9.16p implies the existence of a real number c such that @{y) < c 
for all y € [1, +oo). According to part (jaj) of Proposition 15. 12] the function F^^'^ belongs 



to 7^_i^g(n+), i.e., F^'^'^ e 7^q^^(n_|_) and -yp = Ogxq hold true. In particular. 



.[1] 



A(dy) < +00, 



where A is again the restriction of the Lebesgue measure on ^[i^+oo)- Thus, we get 



/ 


||ImFf>(iy)|| 


/[l,+oo) 


y 



[l,+oo) 



\\l^F['\.y)\\ c 

y y^ 



A(dy) < +00. 



From (|9.12p . (|9.13p . and Remark I A. 3 1 we conclude that 

so [F{z)]^ F{z) = so and so4^(^) = F'iz] 

hold true for all z E n_|_. In view of (j5.9p . we have 

Fi'\z) = z^F{z)+zso + si 
for ah z £ n+. Using j^TM . s_i = O^xg, dSlS]), and dSU, we get 

F;'\z) + iso [-zF{z)]^ [Fi'\z) - s,] 4 [f{'\z) - si 
= Fi'\z) - ^so [F{z)]^ [z^F{z) + zso] 4 [z^F{z) + zso] 

= Fi'\z) - z^so [F{z)i F{z)sIf{z) - zso [F{z)]^ F{z)slso 

- zso [F{z)]^ sosIf{z) - so [F{z)]^ soslso 
= Fi'\z) - zhoslF{z) - zsoslso - zso [F{z)]^ F{z) - so [F{z)]^ sq 
= z^F{z) + zso + si - z'^F{z) - zsq - zsq - So [F{zyi Sq 
= -so (zig + [F(z)]t so) +si = F(+;^"'^i)(z). 



(9.17) 



(9.18) 



(9.19) 



(9.20) 
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Because of (|9.20p . ([9^ . and @{y) < c for all y G [1, +00), we then get 
\\lmF^+''0''^\iy)\\ 



1 

< - 



Im F^'^ (iy) 



+ 



Im 



(9.21) 



lmFi'\iy) 
1 



+ - 

y 



Re(-so[-iyF{z)]^ Fi'\iy) - si 4 Fi'\iy) - si 



ImFf^(iy) +^e(y)<- ImFf^(iy) 



y 

for all y G [l,+oo). Thus, (iOT]) and (f9T7D imply 

||ImF(+;'^0'^i)(iy)|| 

'[l,+oo) 



C 

+ — 



A(dy) < +00. 



(9.22) 



Since F^+'^f'^'i) belongs to 7^g(^+), inequality (fO^D shows that f(+''^0'''i) belongs to 
7^^"^'(^+). From Proposition EH we then know that 



lim F(+'^«'^i)(iy). 



(9.23) 



Because of (l9lil . (I9T5D . Ml . and ([OHI) . we then have 



0, 



9x9 



0, 



qxg 



• So4'5l4'5l 



lim F{^{iy) 

lim — lim (so[-iyF{iy)y Ff'(iy)-si 4 ^1 (i?/) - •^i 
j/->-+oo ij/ y j/-i>+oo \ L J L 



lim F(+;"«'"i)(iy) 

y— >-+oo 



7_f{+;so.''i) • 



Since F^+'^O'^i) belongs to n[ ^\u+), we see from ([O^ and (IXT^ that F^+^'^O'^i) be- 
longs to 7^_l,g(^+). In view of ([93]), the function : M ^ M defined by Ei{t) := t 
belongs to £^(M, *B]r, <7_f; K). Taking |22^ Lemma B.2] into account, we infer then that 
Niapi^)) C NiJ^Eidap), i.e., N{sq) C 7V(sf^^). Using 1^ and part (jaj) of Re- 
mark ETSl we then get siSqSq = si. Consequently, 



-i/,-S0 [F(i)]^ + si4) 
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In particular, N{so) C A^(F(+;'*0'^i)(i)). Since belongs to 7^_l,5(^+), from 

Lemma K21\ it follows N{so) C N{fip,^+.,so,s^)W). Thus, f(+'^0'"i) belongs to r°'^'^[so]. 



□ 



Corollary 9.4. Let k G NU {+oo}, let {sj)'J^Q e and let F G 7l«,q[n+; (sj)^^o]. 
Then G ^^'^'^[so]- 

Proof. From Remark 15.31 we get F G 7^i^g[n+; (sj)J^Q]. Thus, the application of Theo- 



rem 19.31 completes the proof. 



□ 



Now we turn our attention to the case m G 7j2^+oo- As already mentioned we will 
apply several Hamburger- Nevanlinna type results from Section O In order to prepare the 
application of this material, we still need some auxiliary results. First we will compute 
the functions introduced in Remark 15.91 (in particular, see (|5.9p ) for the case that the 
function F is replaced by _f(+'*o,«i)^ whereas the role of the sequence is occupied by the 
first Schur transform {s^p)J^^Q of the original sequence (sj)^q. 

Lemma 9.5. Let ^ be a non-empty subset of C\{0}, let F: ^ C^^^, let k G NU{+cx)}, 



and let {sj)j^Q be a sequence of complex p x q matrices. In the case k >2, let (s 



be the first Schur transform of (sj)^^g. Let s- 
and let Am'. G ^ C^^^ be defined by 



Opxij! Ist :- 



(1)n«-2 

j >j=o 



Opxn, let m G 



■'IA' 



[Fr (z) - s^WoiFr (z) - s,] 

[Ft\z) - s^]slF^\z) 



if m = 1 



,■=1 ^ iL^l 



(9.25) 



if m > 2 



i'm+j-fc*o*A:-l^ 



Suppose that {sj)^Q belongs to Vpxq^m given in Definition 17.81 and that z G ^ is such 
that N{F{z)) = N{so) and R{F{z)) C R{so) are fulfilled. Then 



= F^H^) + -^0 [-zF{z)]^ A„(z). 



(9.26) 



Proof. Because of N{F{z)) = N{so) and part (jaj) of Remark IA.31 we have 

so [F{z)]^ F{z) = so and F{z)slso = F{z), 



(9.27) 



whereas in view of part (|b]) of Remark IA.3I the assumption R{F{z)) C i?(so) yields 
soSqF(z) = F{z). Since (sj)^Q belongs to Vpxq^m and since s_i = Oqxq, the equations 



soslsj 



and 



(9.28) 
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are valid for all j £ From [24| Remark 8.5] we know that 

soslsf^ = (9.29) 
is true for all j G Z_i m_2- Using (j5.9p . ()9.27p . and ()9.28p . we easily check that 

sosIf^Hz) = F^\z) and F^\z)slso = F^\z) (9.30) 

are fulfilled. Because of (IMIl . (IMjl . and (fOTD . we get 

m— 1 



-•So 



fe=0 



m—1 



( -zso4'So - So [F{z)]^ So + sosjsi + X] ^ '''■so44-i 

\ fe=0 / 

-zso [F(z)]t F(z)4so - so [F(,z)]^ sq + so [^^(2)]^ F(.z)slsi 
+ '£z-''so [F(z)]tF(z)440 



^m— 1 



m—1 



k=0 

-z"--ho [F(z)]t 



m—1 



rF(z)4so + so - F(2)4si - z-'^F(z)44'2i 



fc=0 



z'^so [-zF{z)\^ 



m—1 



So + F{z)sl zsq - si - 

\ fc=0 

Taking into account s_i = O^xg and (|5.9p . we see that 

z^^^Fiz) = 



2: s 



fc-i 



m+l 

z) - ^ ^"■'Sj-l 



(9.31) 



(9.32) 
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holds true. Combing (lOTD . (I02D . dOH]) . and using dOO]) . we conclude 

(•_p(+;so,si)<'''^'j/ 



m— 2 



SO [-zF{z)]^ 



m—l 



'so + F^'>{z)sl so - z ^si - X] 



-(fc+l) Jl) 



A:=0 



m—l 



Fir)(.)st so-z-isi- j;z-(^'+i)s«, + 



m+1 



k=0 
m+1 



5] z^+i-^s.-is^so + Yl ^™-''^.-i4«i 



m+l m—l 



j=l k=0 



so 



m — 1 



Fi^>(z)sUso-z-isi-^ 



'fc-i 



A:=0 



m+l 



m+l 



i=2 



i=2 

m—l m+l m—l 

m— 1— A;^(l) I \ ^ \ ^ ^m— (j+fc) 



z 



k=0 



i=2 fc=0 



t (1) 
^i-i^o^fe-i 



From (|5.9|) . s_i = Oqxq, and the first equation in (j9.30p we get 

Fi'\z) - si] sIf^\z) = [z'F{z) + zso] sIf^\z) = zF^\z) + z^F{z) 

= zF^\z) + z'F{z)sIf(^Hz). 



(9.33) 



(9.34) 



First we now consider the case m = 1. Thanks to (|9.33p . s_i = Oqxq, and s^j = O^xg, 
we then see that 



(^(+;so,si))<^;;^^)(^) = [-zF(z)]t [F<f)(z)sS(so - z'^) + z-^sisSsi 
Since the first equation in (|9.3U|) and (|9.27p yield 

F^Hz) = soslF^Kz) = so [F(z)]t Fiz)slF^\z), 



(9.35) 



(9.36) 
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we see from (j9.35p . the second equation in ()9.30p . (j9.34p . ()9.25p . and m = 1 that 



= so[-zF{z)]^ [F^\z)sl{zso-si) + sislsi\ - zso[F{z)]^ Fiz)slF^\z) 
= so i-zFiz)]^ [zF^Hz) - F^\z)slsi + 514^1 + z^F{z)sIf^\z) 
= so [-zF{z)]^ {[Fi'\z) - si] sIf^\z) - F^Hz)sls, + sisjsi) 
= so [-zF{z)]^ [Fi'\z) - si] 4 [Fi'\z) - si] = so [-zF{z)]^ Am{z). 

Thus, ()9.26p is proved if m = 1. Now we consider the case m > 2. By virtue of ()9.33p 
and s^] = Oqxq, we then conclude that 



iF^^-''''''^t-2i^) = so i-zFiz)]^ 



Fk\z)sl 



m-l ^ 



So- z Si - y Z 

\ k=X 



m+1 m+1 
m+l-j . 



E 

i=3 

m— 1 



j=2 



m+1 m— 1 



k=l 



j=2 k=l 



SO [-zF{z)]^ 



F^\z)sl{so-z-hi-Y^ 



+ Z Sm'^Q'Si 



i=2 

m+1 m— 1 



+ z-^-^isfl, + s,_i4si - + E E ^""^^■"''^«.-i44-i 

j=2 j=2 k=l 

From [24, Proposition 8.23] we know that 



,(1) _ /•^2 - si4'Si , if J = 

^ \si+2 - Sj+i4'5i - ECo ^i-'44^^ ) if i e ^l,m-2 



(9.37) 



(9.38) 



holds. If m = 2, then from ()9.37p and ()9.38p we can easily check that 

+ Z~^{s2slsi + Sl44^^ + ^""^'5244^') 

and, consequently, in view of (|9.36p . the second equation in (|9.30p . ()9.34p . and (|9.25p . 
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then 



= so [-zF{z)]^ [zF^\z)slso - F<^\z)4{si + z-^s^'^) + 524^1 

+ (si + z-is2)44'T - [F{z)]^ F{z)sIf^){z) 
= so [-zF{z)]^ [zF^\z) - F^Hz)sl{si + z-'s^^^) + S2slsi 

+ (si + z-^S2)44'^ + ^^F{z)sIf^\z) 
= so [-zF{z)]^ ([FtHz) - s,] slF^^z) - F^\z)sl{s, + ^-^4^)) 

+ S2slsi + (Sl + Z"^S2)44^^^ 

= SO [-zF{z)]^ A2{z) = so [-zF{z)]^ A„(z) 
holds as well. Thus, ()9.26p is also proved in the case m = 2. Now let m > 3. Then 

m+l m—l 



2m min{m-l,i-2} 

z- ~si^r-iSos;.i^ 

1=3 r=max{r?i+2,Z}— (m+l) 
m—l 



j=2 k=l 
m 1-2 



'l^O^r — 1 ~^ ^ ^ Z Srn.—rst\S^ 



r=l 



^ '^m—r—l^Or—1 



/=3 r=l 

2m m—l 

+ E E 

i=m+2 r=l-{m+l) 
m 1—3 m—l 

/=3 fc=0 

2m 2m 

+ E E 

(=m+2 k=l—m 
m (i-2)-l 

i=3 



'm— r-'o^r— 1 



E 



r— 1 



(9.39) 



r=l 



m—l 



t (1) 



fc=0 



r=l 



t Jl) 



i=2 fc=j 
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Consequently, because of (j9.37p . s_i = Ogx<j, (|9-39p . and (|9.38p . we obtain 



so [-zF{z)]^ 



FtHz)sl[s,-z-'s,-Y, 



sq- z ^si- 2_^z '^s^^l^ 

m 



m (j— 2)-l m— 1 

j=3 k=0 r=l 



so[-zFiz)]UF^\z)sl so-z'hi-Y^''^, 



i-2 



i=2 



+ 2; 



m-2 



(i-2)-i 

(1) I t t (1) 

fc=0 



(m— 1 \ m m N 

k=l / j=2 k=j J 



SO [-zF{z)]^ 



F^\z)sUso-z-'s^-J2 



z 



J-2 



m—1 



J=2 

m m 



\ fe=l / j=2 k=j 



(9.40) 
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Using (fOO]) . the first equation in (fOOl) . dOT]) . and (fOSj) . we get 



i=2 



m— 1 



-2 



fc=l i=2 A:=j 

/ m—l 

SO [-zF{z)]^ 



m—l 



m—l 



A;=l j=l fe=j+l 

/ / m-1 

: .0 [-zF{z)]^ \f{'\z) - sij 4F<f)(z) - Fi^)(z)4 hi + 5] z'^sfl. 



m—l 



m—l m—l 



A:=l j=l k=j 

= so [-zF{z)]^ A^{z). 
Thus, (|9.26p is also proved in the case m > 3. 



. ,,tJi) 



□ 



Now we study the asymptotic behaviour of the function Am, which was introduced in 

Lemma 9.6. Let 6 £ [0, In) and let ^ be a subset of C\{0} with {e''^y\y £ [1, +oo)} C Q. 
Let F : Q ^ C^^i be a matrix-valued function, let k G N U {+oo}, and let {sj)j^Q be 

a sequence of complex p x q matrices. In the case k > 2 let(sj.^^)^-^ be the first Schur 
transform of {sj)j^Q. Let s_i := Opxq, let m G Zi^^i and let Am : G — 5- C^^'^ be defined 
by (1223) • Suppose that 



lim Fi">(e'M = 0^ 



r— >+oo 



(9.41) 



holds true. Then 



lim Am(e'^) 



{siSqSi , if m = 1 

t I v^m— 1 t (1) -f ^ o 
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Proof. In the case m = 1, in view of (j9.4ip and ()9.25p . we get immediately 



lim F^\e 



if. 



r— ^+00 



Si 1 4 



lim F^^e'^r) 



Sl 



lim A„(e'^) 



r— >-+oo 



Now assume that m > 2. For all r G [1, +00), from Remark 15.91 we conclude 

m-1-1 



Ff>(e'^) = (e'^)^-'" 



m-2 



(9.42) 



(ei^)-(— i)i74«>(ei^) - ^(e'^)^--(— 



j=0 



In view of m > 2, the assumption (j9.4ip . and ()9.42p . we have 
0. 



-Jpxq 



lim (e'''r)-("^i) 



r— >+oo 



lim F^'>(e'^ 

r— >+cxD 



m-2 

E 

j=0 



lim (e'^)-'-(™-i) 

r— >+oo 



(9.43) 



lim Ff^(e'''r). 



Consequently, ([OHD . (fOTD . and (lOSll yield 



m— 1 



k=l 

= (Opxq ~ 'Si)'5q • Opxq ~ Opxg ' '^0 ( '^1 + ^ ^ " '^j — 1 1 "I" ■^mSoSl 



m— 1 



m— 1 m— 1 / m—1 

k=l j=l \ l=j 



lim Fl'\e'^r 



lim Fif>(e^^) 



Sl I 4 



lim F4'>(e^^) 



1 — ^ + oo 
m—1 



4 1 ^1 + E 



lim (e'V) 



Sj — l I ~l~ 'SmSo'^l 



m—1 m—1 
fc=l i=l 

: lim A™(e'^). 



lim (e^^r) 

r— >'+oo 



m—1 



□ 
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Theorem 9.7. Let n G N, let isj)^^^ £ U^^^n and let F £ 7^2n,g[^+; (s^O^I^o]. Fur- 
ther, let {sf^fjZo'^ be the first Schur transform of (sjO^^q. Then F^+'^O'^^i) belongs to 

7^2„-2,,[^+;(4^))2--2]. 

Proof. Since F belongs to 7^2ra,g[n+; (sj)|"Q], from ()5.3|) we see that F belongs to 
'^2ng(n+) and that 

hold true. Furthermore, Remark 15.31 shows that F belongs to 7^i^g[n+; (sj)j^Q]. Thus, 
we see from Theorem [Ql that F^+^'^O'^i) G P°'^<^[so]. In view of (f3l^ . this in particu- 
lar means that _f(+''^o,si) belongs to 7^_i^g(n+). Consequently, Proposition 13.161 yields 
F(+;so,si) ^ ']Zg{U+). Letting s_i := Ogxg, from (sj)|:io ^ '^|2n we get in view of part © 
of Lemma 17.61 that s* = sj for all j G Z_i^2n-i and, because of Proposition 17.21 that 
the first Schur transform (Sj"^^)^"o^ '^^ {sj)'j=o belongs to 'H^2n-2- particular, setting 
s^}\ := Ogxij) we see again from part (jb]) of Lemma [7^61 that 

{sfr = sf (9.44) 

for all j G Z-i,2n-2- Now we verify that the function F satisfies the assumptions of 
Lemma [931 From (sj)|"Q G 'H^2n and [Ml Lemma 3.1] we know that (sj)|"Q G I'gxg,2n- 
In view of F G 7^2n,(j[n+; (sj)|"o]) we infer from part (jaj) of Proposition 15.71 that 

N {F{z)) = N{sq) and R{F{z)) = R{sq) (9.45) 

for all 2 G n_(_. Because of (sj)j"o ^ ^gxg,2n and ()9.45p . Lemma [93] implies 

(^{+;so,.0)<;^^^)(^) = + [-zF(z)]t A2„(z) (9.46) 

for all z G 11+. In view of s_i = Ogxiji the application of Remark 15.11 yields F G 
7^f"'[^+; (sj)2!i_J. Corollary EJ then yields 



Hill n i;,Tn 77^(*) 

and 



liin Ff'(iy) = 0,xq, lim ^2^:^(1^) = 0,xg (9.47) 

y— >-+oo J/— >-+oo 



so = lim (-iy) [F(iy) + = lim [-iyF(iy)] . (9.48) 

)-+oo J/— )-+oo 

Since ()9.45p implies rank[— iyF(iy)] = rankso for all y G [l,+oo), from (|9.48p and 
Lemma I A. 101 we get that 



hm [-iyF(iy)]T = s^. (9.49) 

J/— J- + 00 



Because of (lOTll . limj^_++oo = 0, and we have 

2n-l 

^^firn^ A2n(iy) = S2n4'5l + X] S2n-fe4«i-l- (^-^O) 

A:=l 
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Consequently, keeping in mind (|9.47p again as well as equation ()9.49p , (j9.50p , and ()9.46p , 
we obtain 



As)'. . / 1 



li™ ^2n (iy) + 1™ —] So 



lim ( [-iyF{iy)]'^ 

y-^+oo 



lim A2„(iy) 

y— F- + 00 



(9.51) 

lim (Fii{iy) + -so[-iyF{iy)]^A2niiy)]= lim (F^+'^^'^'^^^iCli^y). 



y^+oo \ \y I y— >+oo 



From F^+'^^O''*!) G Tlq{Jl+), (lOip . (I93TD . and Theorem we conclude that F^+'^O'^'i) 
belongs to the class T^q^ ^' [n+; (s^"'^'')^!!^^]. Because of = O^xg we see from Re- 
mark ED that e 7^2„_2,g[^+; {sf )fsQ\ □ 

Corollary 9.8. Let (sj)'to ^ and let F G 7^oo,g[^+; (sj)°^o]- Further, let 



Proof. Combine Remarks 15.31 and 17.11 and Theorem 19.71 □ 



{s^P)JLq be the first Schur transform of {sj)'jLQ. Then i^{+;**0'*i) belongs to the class 

7^oo,,[^+;(sf))~ ] 



Theorem 9.9. Let n G N, let {sj)'^lt^ G 'W|2n+i and let F G 7^2n+l,J^+; 
Further, let (4^^)|=o^ be the first Schur transform of (sj)|=o^- Then F^+'^o-'^i) belongs 

„(l)\2n-] 

)j=o 



to 7^2„-l,J^+;(s;'^^2n-ll 



Proo/. Since F belongs to 7^2n+i,g[n+; (sj)|=o^], we get F G 7^2n+i,<j(n+) and 

Furthermore, Remark 15.31 shows that F belongs to 7^i^q[n+; (sj)j^Q]. Thus, we see 
from Theorem [93] that F^+'^O''*!) G Vg'^'^iso]- This in particular means that f(+'^0''*i) 
belongs to 7^_i,g(n+). Consequently, F^+'^O'"^^ G TZg{U+). Letting s_i := O^xg, from 
(sj)j=0^^^2ra+i ^e S^* in view of part (jb]) of Lemma [7.61 that s* = sj, holds for all 
j G Z_i^2n and, because of Proposition 17. 2[ that the sequence 

(4'^)?=o' belongs to 

'q2n-i- particular, setting sLj Oqxg, we see again from part ([b|) of Lemma [72] 

that (j9.44p . i. e. (s^^^)* = s^^\ holds for all j G Z_i^2n-i- We verify now that the function 

F satisfies the assumptions of Lemma [931 From (sj)|"Q^ G ^^2n+i and Lemma [72] we 
know that 

{Sj)%~^^ G P,xg,2n+1. (9.52) 

In view of F G 7^2n+i,(j[n+; (sj)?=()^]) we infer from part (jaj) of Proposition [5771 that 

iV(F(z)) = iV(so) and R{F{z)) = R{so) (9.53) 
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for all z G . Because of (|9.52p and ()9.53p , Lemma 19.51 implies 

for all z e n+. In view of s_i = Ogxg and the choice of F, Remark l5 . 1 1 yields 



2n+l 
-1 



In view of ()9.55p , Corollary 16.31 then provides us 



hin Ff>(i2/) =0,xg, 

I/— J- + 00 



and 



So = lim {-iy) [F{iy) + = lim [-iyF(iy)] 



(9.54) 

(9.55) 

(9.56) 
(9.57) 



Since ()9.53p implies rank[— iyF(iy)] = rankso for all y G [l,+oo), from (I9.57P and 
Lemma I A. 101 we get that 

lim [-iyF(iy)]'^ = sL (9.58) 



Because of (j9.56p . the limit relation lim. 



and (|9.25p . we have 



2n 



lim A2n+i(iy) = S2n+islsi + ^ S2n+l-fc44-r 
^^+°° fc=l 



(9.59) 



Consequently, keeping in mind ()9.56p . the limit relation limy^+oo = 0; equation ()9.59p . 
and (^31) . we obtain 



= lim -F2n+i(iy)+( 1™ ) So 



lirn [-iyF(iy)]i 

J/— > + oo ' 



lim A2n+i(iy) 

J/— > + oo 



3/— >+oo 



lim_ { + ]^«o [-iyF(iy)]t A2„+i(iy) 



(9.60) 



ion 



Thus, Theorem 16.61 provides us {F^^'^°'^^')2„_i G 7^q(n+). In particular, the funct 
(^{+;so,si)-j^^^j jg holomorphic in 11+. This shows us that [1, +oo) — )■ [0, +oo) defined 
by 



(9.61) 



is a continuous function. In view of ()9.55p . from part (|aj) of Proposition 15.12] we get 
^2n+i ^ ^-i,g(n+). Thus, (I3T2]1 shows that Fa^^^.^.^ belongs to n[~^\u+) and that 



2n + l 



Oqxg- In view of ()3.5p . this implies that 17: [l,+oo) 



given by 



1 



n{y):=^ ImFtl,{iy) 



(9.62) 
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belongs to +00), +00); ^] where A is again the Lebesgue measure defined on 

^[i,+oo)- Because of F G TZ2n+i,q[^+', (sj)"^^^], Proposition 15.51 and Theorem \'6.2\ we 

have F G 7^^(11+). Thus, we see from (j5.9|) that the functions F^^'^ and -F2n+i both 
holomorphic in 11+. Therefore, ()9.25p shows that A2n+i is holomorphic in II-i-. Since 
F belongs to 7^q(n_|_), we also see from Proposition 12.91 that F^ is holomorphic in n_|_. 
Consequently, 6 : [1, +00) — )• M defined by 



e(y) := Re ( iiy)~ho [F{iy)]^ A2„+i(iy) 



(9.63) 



is a continuous function. Using (|9.58|) . (|9.59|) . and (|9.63|) . we get that 



Re 



2n 



SQsl S2n+islsi + ^ 



k=l 



Re So 



lim 

J/— > + oo 



-iyF(i2/)]i 



lim A 



2n+l 



(iy) 



lim Q{y). 

J/— > + CXD 



This implies that there exists a non-negative real number c such that |0(y)| < c for all 
y£ [l,+oo). Since O belongs to £^([1, +00), *B[i^+oo), A; M) the function : [1, +00) M 
given by "^(y) ■= 0(y)-|-p- also belongs to the space /^""^([l, +00), 5S[i^+oo)) Keeping 
in mind ([9^ . (f02]l and (|93i]l . we infer 



my)\ < 



y 



Im 



^2?+i(iy)' 



+ 



y 



Im ( ^so [-iyF{iy)]^ A2„+i(iy) 
ly 



1 



= n{y) + ^ Re (^so [iyF(iy)]T A2n+i(iy)j = + Q{y) < ^{y) 

for all y G [l,-|-oo), and, consequently, $ belongs to £^([1, -|-cxd), *B[i ^; 1^) 
(i?{+;so,si))<"^*;^^J belongs to 7^,(^+), we thus see from ([33]) and (iOT]) that 



Since 



(9.64) 



Prom G ■7^g(n+), (lESD, MI]) , (iron and Theorem ED we conclude that 

F{+;so,si) belongs to the class n^g"~'^\u+; {sf )^lz\]- Because of sL^J 



0(;xg, then 



Remark O shows that the function F^+'^O'"^^ belongs to 7l2n-i,jn+; (sJ.^^)J"o^]. □ 



Proposition 9.10. Let k G ^2^+00 U {+00}, let (sj)^=o ^ , and let F belong to 
7^,,,[^+;(s,)"=o]• Then F(+'^o,si) ^ 7^«_2,J^+; (sW)^^]^ where (s 
first Schur transform of (sj)l 



denotes the 



Proof. Because of (sj)^^q G 'H^Jk, we have (sj)JLQ G "H^m for each m G 



,>,e 



mark O yields F G fl^^o ^m,g[n+; (s 



3Jj=0\- 



Thus, Theorems 19.71 and 



^o,K- Re- 
show then 



that f(+'''0''^i) belongs to nm=^o ^m,q[n+; (s^Oi^o]- Consequently, from Remark lOl 
then G 7^«_2,9[^+; (sf ^)^-2] follows. □ 
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10. On the Inverse (sq, si)-Schur Transform for Special 
Subclasses of 7lq{U+) 

Against to the background of Propositions 18.171 and 18.191 the considerations of Section O 
lead us to study three inverse problems which will be formulated now. Let m G No, 
(sj)yLo ^ and G G Tlm,g[^+', (sj)jLo]- *^^se m = 0, it was shown in Theo- 

rem l9.1l that G^^'^°^ belongs to 7^g™°[so]. Now we start with a function F G Vq^^^[so] and 
will show in Proposition HOl] that G ■^o,jn+; {sj^j^q]. In the case 171 = 1, Theo- 

rem EUyields that G 'P°'^'^[so]. For this reason, we will now consider a function 

F G V^'^'^lso] and show in Proposition HOl that G 7^l,q[^+; (sjOj^g]. Finally, 

we investigate the case m G Z2,+oo. Let {Sj^^)Y=Q be the first Schur transform of {sj)J^Q, 
then we know from Theorems and lOl that G^+^'^O''*!) G 7^„_2,g[^+; (s5.^^)^"o^]. So 
we are going to verify now that, for a function F G 7^m-2,g[n+; (s^-^^)™r^^], its in- 
verse (so, si)-Schur transform f(-;*0'*i) belongs to TZm,q[^+', (sj)^Q] (see Theorems 110.91 
and fTUTTT) . 

Now we turn our attention to a detailed treatment of the case m = 0. An application 
of Proposition 18.141 will provide us quickly the desired result. 

Proposition 10.1. Let sq G C^""^ and let F G Pg^'^iso]- Then F^-^^o) belongs to 
no,g[n+;{sj)%o]. 

Proof. Since F belongs to Vq^^^[so], part (jb]) of Lemma 14.31 shows that the function F 
belongs to 7^^(11+) and that the conditions /3f = and 

iV(so) C Niap) n N (i^fW) = N{aF) n N{/3f) n N (j^fW) 

are fulfilled. Setting B := Oqxq and to '■= so{so + /3f)^S0) we get Iq = sq and part (jd]) of 
Proposition EH shows that F'^-'^o'^ belongs to 7^o,g[^+; (sj)^=o]. □ 

Corollary 10.2. Let (sj)°=o ^ ^^o • For each F G 7^o,g[^+; (sj)°=o]' 

Then generates a bijective correspondence between the classes 7^o,g[n+; (sj)^^Q] 

and 7^g^'^°[so]- The inverse mapping is given for each G G Pg™'^[so] by 

Proof. Taking part (|cj) of Corollarv l8.18l and part (jbj) of Corollary 18. 2 1 1 into account, the 
combination of Theorem 19.11 and Proposition 110. Il vields all assertions. □ 

Now we consider the case m = 1. First we state a more general result, which is of own 
interest. 
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Proposition 10.3. Let A G C^""" and B G C^'"' be such that N{A) C N{B). Let 
F G n}-q^\li+) be such that 

N{A)^N{-fF)r\N{iiF{^)). (10.1) 
Then F^-^^'-^) G (tj)]=o]' ^^^ere to := A and where h := B - -fp. 
Proof. Since F belongs to TZq ^'(11+), we get from (|3.5|) that 

F G (10.2) 
and from (jlO.ip and Lemma 13.201 that 

N{A) C N {F{z)) for each z G n+. (10.3) 
Using (fT0:2|l . (fnOll and Proposition O we obtain 

N{A) C N{aF) n A^(/3f) n (z^f(K)) . (10.4) 
In view of (jl0.2p and (jl0.4p . we infer from part ([d]) of Proposition 18.141 then 

Fi-'^'B) e 7^g(^+) 

and from ([K^ that 

det (^zlq + [F(z) - S]) / for each z G n+. (10.5) 
Using (fTo:2]) . ([Tail) , and Lemma ESI we get 

= F. (10.6) 

Since A and i? are Hermitian matrices with N{A) C N{B), the application of Re- 
mark IA.4I yields 

AA^B = B. (10.7) 



69 



Setting t_i = Oqxq and using dSJ]), ([82]), (fT03]) . (fTOe]) . and (fTOT]) . we get 



((FH^'^))f(z)-[F(.)-7i.]) 

= z^F^-'^^'^^z) + z^t^i + z^to + zti - zF{z) + 



(zlq + [F{z) - BU +z^A + z[B- F{z)] 



A (zlq + A^ [F{z) - B]\ +z^A + z[B- F{z)] 



'A (^Iq + ^A^ [F{z) - B]^ +z^A + z[B- F{z)] 
^A + [z^A + z[B- F{z)]) [iq + [F{z) - B] 

z[B- F{z)] + zAA'^ [F{z) -B] + [B- F{z)\ A'^ [F{z) - B\ 
■ [F{z) - B] At [F{z) - B] (iq + -A^ [F{z) - B] 



This implies 



(F(-A^))f(z) 



F{z) -IF -I [F{z) - B] At [F{z) - B] (^Iq + i^t [F{z) - B]^ 



-1 



(10.8) 



Since F belongs to TZq ^'(n+), from Proposition 13.14] we see that ()3.8p is true. From 
we get 



Iq = Iq+0-AHjp-B)=Iq+( lim -] ( A^ 

lim (l^+-A^[F{iy)-B] 



lim F{[y) 



B 



and, consequently, 



lim 

y^+oo 



Iq + -A^ [F{:iy)-B] 
ly 



(10.9) 
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Using (IMD, (fTa9]) . and (fTOS]) . it follows 



- 7F - • (7F - B)At(7F -B)-Ig 



lim F{\y) 

J/-+ + 00 



7i? — I lim — 



lim F(iy) - 5 



At 



lim F(i2/) - B 



lim 

J/— > + CXD 



lim 

J/— H-oo 



F{iy) - 7F - - [F{iy) - B] [F{iy) - B] 



-1 



(10.10) 



= lim (iy). 

In view of F e Tit ^kn+), we get from Remark IXTOl that 

(if)* = IF- 

Thus, we see from the definition of the sequence that 

t* = tj for each j G { — 1,0, 1}. 

Hence, taking (jlO.lOp and ()10.12p into account, we infer from Theorem 16.61 that 



(^(-;A,B))(*)^^^(n+). 



:io.iii 



(10.12) 



(10.13) 



Now we are going to show that 



Since F belongs to 7lg(n+), the function © : [1, +oo) — )• M defined by 



G(y) := 



Re 



[Fiiy) - B] [Fiiy) - B] (l, + [iyy^A^ [F{[y) - B 



(10.14) 



is continuous. From ()3.8p and ()10.9p we then get 



Re 



(^p - B)AHjP - B)lg 



Re 



lim F{iy) - B 

y—^+oo 



A^ 



lim F{iy) - B 



X I hm 

, j/->+oo 



Ig + iiy)-^A^ [F{iy) - B] 



lim 0(iy). 

j/->-+oo 



71 



Consequently, there is a non-negative real number c such that 



|0(y)| < c for each y G [1, -|-c«). 

Since F G V^q ""^'(n^) is supposed, the function ^: [l,-|-oo) — M given by 

1 c 
■^{y) := -||ImF(iy)|| + ^ 

y 



fulfills 



M/G£i([l,+oo),QSri 



[l,+oo)) -^j ■ 



(10.15) 



(10.16) 



(10.17) 



where A is the Lebesgue measure defined on ^S^i^+oo)- all y G [l,-|-oo) from (jlO.Sp . 
IfTinT]) . (fnmi) . (fnmil . and (fnmi) we see thatV^: [l,+oo) ^ M given by 

n{y) :=^||lm(FH^'^))f (iy) 

satisfies, for y G [1, +oo), the inequality 



My)\ 
_ 1 

y 



Imi<'(iy) 



1 



H — Im 

y 



i [F{iy) - B] [F{iy) - B] ( + (iyy^A^ [F{iy) - B 



-1 



(10.18) 



1 



< -||ImF(iy)||+G(y)<^'(y). 

y 

Since (|10.13p holds, the function is continuous and thus Borel-measurable. Hence, 
(llO.lSp and (ll().17|l yield that Q also belongs to £^([1, +oo), *B[i^+oo), A; M). Keeping in 

mind (IIO.IHIL this implies {F^-'^^^))f^ g 7^^~^^(^+). Thus, combining this with p().12|) . 
([102]), and (|10.1Up . we infer from Theorem ESI that F^-^^'^) G 7^[^^ [n+; (tj)]^_ J. In 
view of t_i = Oqxq and Remark 1 5. 11 this implies that F^~''^'^^ G T^i^gp^; (tj)j^Q]. □ 

The following result gives a complete answer to the case m = 1. 

Proposition 10.4. Let (sj)}=o ^ '^^i" ^nd let F G 7^°'^*^[so]. Then belongs to 

7^l,J^+;(s,)]=o]• 

Proo/. Because of F G V°'^'^[so], we get from that F G 7^_l,g(^+) and N{so) C 
A^(/xf(M)). Hence, (fXT2D yields F G 7^t"^'(^+) and 7^ = Ogxg- Thus, we get A^(so) Q 
N{'yF) n N{fiF{W)). Since (sj)j^o belongs to , we see from Lemma 17^ that sq G 



C?, = si, and N{so) C A^(si). Applying Proposition 110.31 and using si — = si, 
we conclude F^-'^O'^i) g (sj)}^o]. □ 
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Corollary 10.5. Let {sj)]^^ G Tiff. For F G 7^l,g[^+; (sj)]=o] let 

Then Tf^j^.g^^g^-^ generates a bijective correspondence between the classes 7^i^q[n+; (sj)j^Q] 
and V°'^'^[so]. The inverse mapping {Ti^j^.so,si))~^ is given for G G 'Pg*^'^['So] by 

(-F(+;,o,,,))-l(G) :=gH«o,sO. 

Proof. Taking part (|cj) of Corollary 18.181 and part (|b]) of Corollarv 18.211 into account, the 
combination of Theorem 19.31 and Proposition 110.41 completes the proof. □ 

Now we turn our attention to the case m G Z2,+oo- Similar as in Section [9l we will 
use various Hamburger-Nevanlinna type results from Section [6l In order to prepare the 
application of this material, we still need some auxiliary results, which can be considered 
as analogues of Lemmas 19.51 and 19. 6[ First we will compute the functions introduced in 
Remark 15.91 for the case that the function F is replaced by i^(~'*0'*i). 

Lemma 10.6. Let ^ be a non-empty subset of C \ {0}, let F: Q ^ £,p'xq })q a matrix- 
valued function, let k G N U {+oo}, and let (sj)j=o a sequence of complex p x q ma- 
trices. In the case k > 2 let {s^j^^)j~Q be the first Schur transform of (sj)^^Q. Further, 
let s_i := Opxij, let := Opxq, let m G Zi^^, and let V^: G — ^ C^^^ be defined by 



([Fiz)-s,]sl[Fiz)-s,] 



j=l ^k=j 



m— 1 



t (1) 
'Sm+j-fe'^O'Sfc-l 



if m = 1 



if m > 2 



(10.19) 



Suppose that (sj)^o ^ T^pxq,m and that z G ^ is such that R{F{z)) C R{so) and 



det ( + z-'sl [F{z) - si]) / 



are fulfilled. Then 

Proof. In view of Remark 15.91 we have 



-1 



(10.20) 



(10.21) 



m— 1 
k=0 



F{z). 



flO.22) 
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The assumption R{F{z)) C R{sq) and part ([b]) of Remark I A. 31 yield SoSqF{z) = F{z). 
From |i24f Remark 8.5] we know that ()9.29p holds true for all j G Z_i^m_2- Thus, we get 



(10.23) 



Because of (sj)^Q G 'Dp^q^m, Definition 17. 8| and part (jbj) of Remark IA.31 the first 
equation in (|9.28p is fulfilled for all j £ Zo,m- Using s_i = 0< 



s^^^ - 



(fTOMjl . I^Hrm . and (fT0:23D . we conclude 



m+l 



j=0 



Z ^Sj^l 



Z 



m+l 



-So [^Zlq + 4 [F(z) - Si] 
m+l 

m+l 



-ho + ^ [zlq + 4 - Si] 

j=0 



zig + 4 [F{z) - Si] 



-z'^+ho 



m+l 



+ y: z-^'-^s,^i 



Zlq + Sq 



j=0 



m—1 



k-l 



Z S 



k=0 



4si 



X (zlq + 4 [F{z) - Si] 



m+l 



m+l 



m+l— j 



-.-i + E-"^'^'-.-i4i^i-2^(-) 

j=0 

m+l 



i=0 

m+l jTt— 1 

j=0 k=0 



j=0 



(^Ig + z-hl[F{z)-si]) ' 
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m+1 

m+1 m— 1 



J=2 



fe=0 



m— 1 m+lm—1 



- y: z-^-%sis^i, -EE-' 

fc=0 j=2 k=0 

m+1 

- 2;™"^so4«i - E -z™"^5j-i4si 

i=2 



I, + z-^sl [F{z) - si 



'm+1 



m+1 



m— 1 

-E 

fc=0 
m+1 



-1-fcJl) 



i=2 

m+1 m— 1 



.-EE 



z 



^-(i+fc).. ,.t„(i) 



i-i'^O'^fc-i ^'^1 



i=2 fc=0 



E ^^i-i4«i 
i=2 



+ [F{z) - si] 



In the case m = 1, from p0.24p . s^^j = Opxg, and fI*-,* '^(z) = F{z), it follows 



F{z) + z ^sisIf{z)-z ^sislsi 



(10.24) 



and, consequently, 



m-2 



(^) _ (z)] (/, + z-'sl [F{z) - s,]) 

z {f{z) - + z-^sislF{z) - z-^sisjsi] + ^"^4 [^(^) " ^i]) 

X {l^ + z-^sl[F{z)-s,]) 

F{z)sl [F{z) - si] - si4 [F{z) - si] = Vi{z) = V„(z). 



-1 
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Thus, (I1U.21I) is proved in the case m = 1. If m > 2, then (I1U.24I) and sL^| = Opxg yield 

"m+l m—1 

(10.25) 



j=0 



m-2 

.i=3 

m—1 m+l m—1 

l-fc^(l) ^ ^ -,m~{j+k) t„(l) 



A:=l 
m+l 

E 

i=3 



-1 - E E 

i=2 fc=l 



, V / m— 2 t 



Furthermore, if m > 2, then [24, Proposition 8.23] shows that ()9.38p is vahd. Thus, in 
the case m = 2, from (jl0.25|) and (I9.38P we get 



m—1 

S2 + F^:'l\z) + .--^.,+i4i^i:-2^(-) - 4^^ 
3=0 

-1 t (1) -2 t (1) t -1 t 



-1 



-^m-2^(^. 



m—1 



i=o 



m—1 



m-2 



Z — Z 



1 1 

Zl^~^~^Z1^2+j-fc44^-i 



' 524^1 + S2-fc44^-l 

fc=l / 



+ 2^14 [^(^) - Si] 



and, consequently, 

(^(-;.o,.i))<^)( 



m—1 

m-2 v^; + Z~^''^Sj+islK, 

m—1 m—1 

^ ^ ^m+j-fc'So^fc-l 



m—1 



m-2 



Z) — Z 



t Jl) 



fc=i 
-1 



(10.26) 
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In case m > 3, we have 

m+l m—l 
3=2 k=l 

m—l m—l m—l m—l 

= ^ ^ '■"'"'"'^^^j-l^O^fe-l + ^ ^ '^Sm-lSo^fe-l + ^ ^ 

j=2 A;=l A;=l k=l 

2m-2 min{m-l,/-2} 

1=3 fc=max{l,i— (m— 1)} 

m—l m— 2 

-r ^ *m-l*o*fe-l ■'m*o*fc-l^^ *"i*0*m-2 

k=2 k=\ 
2m-2 min{m+l,i}-2 

= E E ^"^-'^;-fc-i44-i + ^"'^m-i44'^ 

1=3 fc=max{mj} — (m— 1) 
m—l m—l 

' ^ *m-l*o*jk-l ' / , *m*o*ik-2 ^ ^ ''"i*0*m-2 

A;=2 fc=2 
m i— 2 2m— 2 m—l 

= EE-"^"'^'-^-i4^i+ E E -"^-'^/-.-i4^i 

/=3 fe=l /=m+l k=l-{m,-\) 

m—l 

+ -2 Sm-l'^oSg ^~ ^ '^(Sm-l'SoSfc_i + SmSoSfc_2) + "**m'So'Sf„_2 

fe=2 

m / (;-2)-l \ m-3 / m-1 

= E E ^(/-2)-.44'^ + E E ^.+-^44^ii 

/=3 \ fc=0 / j=0 y fc=j+2 

■m-2 



(10.27) 
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and, taking into account ()10.25p and (|10.27p . furthermore, 



m+1 m— 1 



i=4 



z s, 



m—3 



2„(1) 



m— 1 



j=0 

(i-i)-i 

E ^(/-2)-fc4«fc 



k=2 
m—1 



1=3 



k=0 



•^i+'Ti-fc'^O'^fc-i 



-1 t (1) 



m-2 



k=j+2 



— t (1) t (1) N —m 



-2„ J, 



m 



i=3 



Ig + z-^sl [F{z) - si] 



-1 



m—1 



2; 



1=3 j=0 

m m I a-2)-l 



i=3 



i=3 



fc=0 



m—3 / m—1 

-J 



^ ^ I ^ ^ ^ "^J+m— fc-Sg-S^.^]^ 1 ^ (>Sm— l-Sg-Sg + Sm^gSl) 



i=0 
m-2 



k=j+2 



^ ^ Z ^ (Sm,— iSgSj- + SmSgSjJj^) Z ^mSQS^_2 Z S\SqS\ 



-2„. J, 



«=3 



/g + z-^sl [F{z) - Si] 



m—1 



i^i-2^(-)+E-"^'"^.>i4i^r2^(-) 

i=o 

m—3 m—1 

^ ^ 2: ^ ^ Sj+m— fc'5gS^_-|^ Z (Sm_iSgSg + Sm'SgSl) 

i=0 fc=i+2 
m-2 

^ ^ 2; (sm—iSgSj- + SjjiSqS 



(10.28) 
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Thus, in the case m = 3, from ()10.28p we conclude 

m— 1 

j=0 k=2 

X (/, + z-\sl [F{z) - Si]) 



m— 1 



-1 



m— 1 



j=0 



m-1 \ 2 

+ E 1 ~ E 

k=l J j=l 



E «3~j-fc44^-l 



-1 



and, consequently, that (|1U.26|) holds true. If m > 4, then (|lU.'28p implies 



i^i^l? (^) + E ^-'-'^.M€-2\^) - ^ ^ ■ ^^^^^^ 



m— 1 



m— 1 



m— 3 

E 

m-2 

E 



j=Q 
m— 1 



A;=2 



k=j+2 

i+1 



/ ^ *"l+J-K*0*fc-l 



k=j 



m—1 

E 

j=m-l 



(10.29) 



m—l 

^ •Sm+j-fc^O'^fc-l 
A;=m— 1 / 



^m-2^(^) + E ^ ^ ^Sj+l4^m-2^(^) " ^ M ^™4si + E «'n-fc44^-l 



m—l 



m—l 



m— 3 

E 

m—l 

E 

j=m-l 



m—l 



fc=l 



/ V •^m+j-fc*0'^fc-l 



k=j 

m—l 



m— 2 

E 

j=m-2 



m—l 



1 V s . 

/ ^ •^m+j-fc*o*fc-l 



/ > '^m+J-fc*0*fc-l 



-1 



and, consequently, ()10.26p . Hence, ()10.29p holds true if m > 2. Thus, in the case m > 2, 
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we get from (I1U.26D and (|lU.19p that 



m-2 



(^) _ (/, + [F{z) - s,]) 



in~l 



j=0 



m—1 



m—1 



m—1 



fc=l 



fc=j 



X (/, + z-hl [F{z) - si]) ' (/, + z-hl [F{z) - si]) 
zFi^'^,\z) + Fil? (z)4 - .1] - zFi^'ll\z) 



m—1 



m—1 



j=0 



k=l 



m—1 



m—1 



V.m(z) 



and, hence, (|1U.21|) are fulfilled. 



□ 



Now we study the asymptotic behaviour of the function Vm,, which was introduced in 

(fnmn . 

Lemma 10.7. Let 9 G [0, 27r) and let Q be aof C\{0} with {e^^y\y G [l,+oo)} C Q. Let 
F: Q ^ Cpxi? be a matrix-valued function, let k G NU {+00}, let (sj)j^o be a sequence 

of complex p x q matrices. In the case k > 2, let (s^-^^)^rQ be the first Schur transform 



of {sj)j=o- Let s- i := Opxg, 
defined by ()10.19p . Suppose 



let sL^J := Opxg, let m G and let V^: ^ ^ Cf^' be 



r— >+c» 



(10.30) 



Then 



lim V^(e'^) 

r— >-+oo 



Proof. Because oi s^^\ := Opxq, from ()5.9p we have FZ\ '(z) = for all zeQ. Thus, 
in the case m = 1, from (jl0.30p and ()10.19p we see that 



if m = 1 



1 t _|_ v~^m— 1 t (1) -r ^ O 

(^Sm'^o'Sl + /_jk=l ^m—kSQSj,_-^ , 11 171 ^ Z 



(10.31) 



sislsi 



lim F 



lim 

r— )-+oo 



m-2 



F(e'^)-si 4 F(e'V)-si 



(e'V) 



si I 4 



lim F 



m-2 



e r 



lim Vrnie'^r) 
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holds true. Consequently, if m = 1, then (jl0.3ip is checked. Now assume that m > 2. 
Then we first observe that Remark 15.91 shows that 

m-2 



m-2 



j=0 



(10.32) 



for all z eg. Using (fTTOm and (fTfOS]) . we conclude 

m-2 



0, 



px-J 



lim (e^^)i-™ 

r— >+oo 



lim F(e'^r). 

r— ^+oo 



hm Fi:!?(e'^) 

r— >+oo 



E 



lim (e'^)^-™+^ 

7 > + 00 



•5m-2- 



(10.33) 



Thus, in view of (fnOO]) . (fTo:33|l . and (fHUQll . we get then 



m— 1 



k=l 

hm i^i'l?(e^^) 
lim Fi:r^>(e^^)' 



r— >+oo 
m— 1 

■E 



lim F(e'^r) - si 

r— >+oo 



lim F(e^^r) - si 

r— >+oo 



si4 



si4 



hm i^i''?(e'^) 
■ hm Fi^r^^Ce'M 

r— >+oo 



lim (e'^) ^ 



m— 1 



hm Fi:!i>(e^^) 

r— >+oo 



m — 1 



fc=l j=l 



lim (e' r 

r— ^+oo 



m— 1 



fc=j 



r— >+oo 
m— 1 



m— 1 m— 1 

+ ^ Sm-fc'So'Sfc_i + ^ 



fc=l 



m— 1 



(e^^r) ^ Sm+j-fc^o^fcii 



m— 1 



r— >+oo 



i=i 



m—1 



m— 1 



fc=l i=l 

: lim Vmie'^r). 

r— >+oo 



m—1 

■'m+j-fe''0''fc-l 



(e"r)- E 

k=j 



□ 
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FeVf'^isi^^ (10.34) 



In preparing the next result, we remember to part (|b]) of Proposition [57 

Lemma 10.8. Let m G Z2,+oo, let {sj)f^Q £ U},^, let {sf'')^^^ be the first Schur 
transform of (sj)^o and let F G 7^„_2,g[^+; isf^)fSQ^]. Then: 

(a) FeVf''[so]. 

(b) g 7ii,,(n+). 

(c) For each z S 11+ the inclusion R{F{z)) C R{sq) holds. 
Proof, (jaj) Lemma 15.81 yields 

From dZI]) we get N{so) C 7V(s[,^^). Thus, Remark Ol yields 7'°'^'^[s[,^^] C ^"^'^[so]. 
Combining this with ()10.34p we get (jaj). 

(|b]) From (sj)^Q S ?^^m and m > 2 we get (sj)l^Q G ^^f- Hence, Proposition 110.41 
implies f'^-'''o,si) g ,^[n+; (sj)]=o]. Thus, from ([O]) and Remark [3721 we obtain ©. 

(jcj) In yiew of (jaj) we infer from part (|b|) of Lemma 14.31 then 

N{so) C AT (F(z)) , z G n+. (10.35) 

From part (jbj) of Lemma 17.61 we obtain 

s*o = so. (10.36) 

Because of (j5.3p and Remark [3.241 we have F G 7^^(11+). Combining this with ()10.35p 
and (jl0.36p the application of Lemma 12.81 yields (jcj) ■ □ 

Theorem 10.9. Let n G N, let {sj)]^^ G T^J^''^, let (sf^)i=o^ be the first Schur 
transform of {sj)jlQ, and let F G n2n-2,q[^+; isf^)%o'^]- Then belongs to 

7^2„,,[^+; (.,),%]• 

Proof. The strategy of our proof is based on an application of Theorem 16.41 Let m := 2n 
and let 

s-i ■■= 0,xg. (10.37) 
From (fTOST)) . (sjOjLo ^ "^1;^ and part (|b|) of Lemma [72] we get 

s* = Sj for each j G Z^i^m- (10.38) 

Part (jbj) of Lemma 110.81 yields 

F^-''°'''^ G 7^g(^+). (10.39) 

Let s^^l := Ogxg- Then, in view of F G Tlm-2,q[^+', {sf'^)Y=o], we infer from Remark [5. II 
that 



F G 7^f"-2l 



n+;(4'^)™-_\ . (10.40) 
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Thus, Corollary 16.31 shows that 



Setting 



m—l 



t Jl) 



k=l 



we get from (|10.4ip and Lemma 111). 71 then 



G= lim Vm(e'2r)= lim Vm(iy), 



r— >+oo 



(10.41) 
(10.42) 
(10.43) 



where Vm is defined in (jlO.lOp . From the choice of F and (|5.3p we conclude that 
F G 7^m_2,g(^+). Thus, Remark [321 yields (|3l^ . Consequently, 



Ig = Ig + 0- sliOg^g - Si) = ^hrn^ [Ig + (ii/) [F (iy) -Si]), 



which implies 



lim 

y—>-+oo 



Ig + (iy)-i4 [F(iy) - si] 



Now we are going to apply Lemma [10.61 In view of {sj)J!^Q £ H^^m and Lemma [7^ we 
get (sj)jLo ^ T^qy.q,m- Part (jcj) of Lemma 110.81 yields 

i? (F(2)) C R{sq) for each z G n+. (10.46) 

In view of {sj)JLQ G we infer from parts (jaj), (jbj) and (|cj) of Lemma 17.61 then 

So G C^^*^, s* = si and N{so) C A^(si). Thus, part (|b]) of Proposition 18. 141 yields 

det (/g + [F(iy) - si]) = det (z/, + 4 [F(iy) - si]) / (10.47) 

for ah z G n+. Since (sj)^o belongs to Pgxq.m, from (|l().46h . (Il().47p and Lemma fTTTH] 
we then conclude that 



(10.44) 



(10.45) 



0„ (^) = F:^-2'i^) - -yUz) il, + z-'sl [Fiz) - s 



(10.48) 



for ah z G n+. By virtue of (ll().4ip . (|l().43h . and (|l().45h . from (|l().48p we see that 



0(jXlJ Ogxg ■ G ■ Ig 



lim i<l 

j/-i-+oo 



m-2 



(iy) 



lim — 

iy 



lim Vm(iy) 



X I lim 

y-5>+00 



lim (F 

y— i- + 00 



/, + iiy)-hl [F{iy) - si] 



(10.49) 



holds true. Taking (|10.38p . ()10.39p . (|10.49p . and m = 2n into account. Theorem 16.41 then 
yields that ^(-i'^O'^i) belongs to 7^i^"^[^+; (sj)|!i_J. In view of (fTOSTll . then RemarkO 
shows that the function F^'''^^'^^'^ also belongs to 7^2n,g[n+; (sj)^"o]- 1^ 
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be the first Schur transform of 



Corollary 10.10. Let (sj)°^o e n};^, let 

(sj)j^o and let F G 7^oo,g[^+; {sf^)f=o]- Then belongs to 7eoo,9[n+; (sj) 

Proof. Combine Remarks 15.31 and 17.11 and Theorem 110.91 

Theorem 10.11. Let n G N, let G 'H^^'' 

transform of (sj)|"o^ and let F G 7^2n-i,9[n+; (s^- 



oo 1 

j=o\- 



□ 



,_2„+i, let (sf ^)?=o^ be the first Schur 
'^^^)%o^]- Then F^-''^^'^) belongs to 

Proof. The strategy of our proof is based on an application of Theorem 16.61 Let m : 
2n + 1 and s_i 



Oqxq- Then, from {sj)Y=Q G and part (jb]) of Lemma [7.61 we 



(1) 



0, 



qxq- 



In view of 



get mrm . Part © of Lemma das] yields (fTTOOD . Let s 

e 7^„_2,g[^+; (4^^)}l"o^], we infer then from Remark O that (llU.40p holds. In view 
of ()10.40p . the applictaion of Corollarv 16.31 shows that (|10.4ip is true. Let G be defined 
by (|10.42p . Then we get from (jlO.iip and Lemma [TOTl then (|10.43p . where is 
defined in ()10.19p . From the choice of F and ()5.3p we know that F G TZm-2,qO^+)- 
Thus, Remark 13.231 implies that ()3.13p holds true. Consequently, ()10.44p is true, which 
implies (|10.45p . Now we are going to apply Lemma [10.61 In view of (sj)jLo ^ and 
Lemma [7^91 we get (sj)jLo ^ ^gxg.m- Part ^ of Lemma [10.81 vields (jl0.46p . In view of 
{sj)'j^Q G T-i^^m, we infer from Lemma [7^ then sq G C 



si and 7V(so) C N{si). 



Thus, part (jb]) of Proposition 18.141 vields (|10.47p for all z G 11+. Because of [s 



V, 



qxq,rni 



(|10.46p and (|10.47p . we then conclude from Lemma [10.61 that 



(-;^o,sl)^<^> 



l(^) = Ft-li^) - -y2n+l{z) [Iq + Z-'sl [F{z) - Si] 



1 



J)j=0 



(10.50) 



for all z G n+. By virtue of ()10.4ip . ()10.43p and (|10.45p . we see that (|10.49p holds true. 
Taking (|10.38p . (|10.39p . (|10.49p . and m = 2n + 1 into account, we get from Theorem 16.6 

then (i^("'^°'^i))£+i ^ ■^g(n+) follows. In particular, (-F^~'"'''i^)£+i holomorphic in 
n+. This shows us the function Q: [1, +oo) — )• M defined by 



Im {F^' 



is continuous. Because of the continuity of the holomorphic function F, ()5.9p . (|10.19p . 
(|10.47p and m = 2?7- + 1, the function : [1, +oo) — t- M given by 



G(y) := 



Re 



V2n+i(iy) ( Iq + (iy)"'4 [^(iy) - Si] 



-1 



(10.51) 



is continuous. In view of ()10.43p . ()10.45p . m = 2n + 1, and ()10.5ip . we conclude 
llReGII = ||Re(G-/,)|| 



Re 



lim V2„+i(iy) 

J/— > + oo 



lim 



lim Q{y). 
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Consequently, there is a real number c such that |0(y)| < c for all y £ [1, +00). In view 
of ()10.40p and m = 2n + 1, we see from part (jsj) of Proposition 15. 121 that -F2n-i belongs 
to 7^_i^g(n+) and (see (|3.12p ). in particular, to Tl[ "^^(11+). This means that i^2n-i ^ 
and that [l,+oo) R defined by ^>(y) := i||ImF2^^'^'/(iy)|| belongs to 
£^([1, +00), !B[i _|_oo), A; M), where A is the Lebesgue measure defined on ^[i^+oo)- Hence, 
^: [l,+oo) given by ^(y) := <^{y) + p belongs to £^([1, +00), 5S[i,+oo), A; M). Since 
(7?(-;so,si)-)^^)^^ belongs to the class TZq{Il+), the function A: [1, +00) — > M given by 

A(y):=i||lm(F(-^^0'^^))2+i(i2/)|| (10.52) 
is continuous and, because of ()10.50p . for all y G [l,+oo) it satisfies 



|A(y)| < - 
y 

_ 1 

y 



ImFifJh^y) 



Im 



ImF^JAiy) 



2r 
1 



+ 



Re 



:^V2„+i(iy) (iq + [F{iy) - si 
V2n+i(iy) ( Iq + [F{iy) - Si 

ly 



Hy) + -0(2/) < ^(2/)- 



J2n+1 



Thus, the function A also belongs to £-^([1, +00), *B[i +00)1 A; M). Since {F^ 
is a member of the class 7^g(n+), we then see from ()10.52p that 

Taking (|10.38p . (|10.39p . ()10.49p . and m = 2n + 1 into account. Theorem \6M imphes 

F{-,so,s^) g 7^[2n+i][n^. (s^.)2«+i]. (10.53) 

In view of s_i := Ogxg and ()10.53p . Remark 1 5 . 1 1 vields finally 

F(-^^«-^^)G7e2n+i,jn+;(.,)':^']. □ 



Corollary 10.12. Let m G Z2,+oo U {+00}, let (sj)^o G Ti^^ and let (s}'OjL"o'' be 
the first Schur transform of (sj)J^o- Denote ,,1) the bijective mapping defined 

in Corollary 110.51 Then ^(+;so,si) generates a bijective correspondence between the 

sets 7^m,g[^+; (sj)yLo] and 7^m-2,g[^+; (4^^)jL'o^]- The inverse mapping (-F(+;so,si))~^ is 

given for G G 7^™-2,,[^+; (4'^),"ro'] by {J'i+;so,s,))-HG) = G^--^o,s^)^ 

Proof. We will consider the cases of even m, odd m and m = 00. In any of these cases, 
we can apply Corollary 18.181 and part (jbj) of Corollary 18.211 to verify the shape of the 
inverse mapping. If m is even, then the assertion follows from Theorems 19.71 and 110.91 
If m is odd, then the application of Theorems 19.91 and IIU.III yields the desired result. 
Finally, if m = 00, then one has to apply Corollaries 19.81 and 110. lOl □ 
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We mention that the investigations in Sections [9] and [10] were influenced to some extent 
by considerations in Chen/Hu [9]. In particular, [9,, Lemma 2.6] played an essential 
role for the choice of our strategy. This concerns first the development of a Schur type 
algorithm for sequences of complex matrices and then the construction of an interrelated 
Schur type algorithm for functions belonging to special subclasses of TZq(Il+). The 
contents of Lemma 2.6] are covered by Theorems 19.71 and I1U.9I The method of 
Chen/Hu to prove [9l Lemma 2.6] strongly differs from our approach. It uses results on 
generalized Bezoutians to Anderson/ Jury [3J and Gekhtman/Shmoish [25| . 



11. A Schur-Nevanlinna Type Algorithm for the Class 7?.K,q(n+) 

The results of Section [9] suggest the construction of a Schur-Nevanlinna type algorithm 
for the class 7^K^q(n_|_) with k G Nq U {+oo}. The main theme of this section is to work 
out the details of this algorithm. In Section [9l we fixed an m E No and a sequence 
(sj)JLo £ "^Im- Proposition El tells us then that 7^m,g[^+; (sj)^o] / 0. Let F £ 
TZm,q[^+', (sj)jLo]- Then the central theme of Section[9]was to study the (sq, Ogxg)-Schur 
transform of F and furthermore, in case m > 1, the (sq, si)-Schur transform 

pi+;so,si) q£ jp Tlie following observation shows that in the case k E No U {+00} the 
results of Section [9] can be applied to arbitrary functions belonging to 7^K,g(n+). 

Lemma 11.1. Let k E Nq U {+00} and let F E 7lK,g(n+). Then ap E A^^ 



F E 7^. , 



Proof. From ()3.12p and (|3.1ip we see that ap £ Ai'i^ Thus, from (|5.3p we infer now 

F E n^,g[U+; {sf^^)]^^^]. Hence, part © of Proposition El yields {sf^^)]=o E ^^;f . □ 



In view of Lemma 111.11 we introduce the following construction of Schur-Nevanlinna 
transforms (shortly SN-transforms) for functions belonging to the class 7^«;^q(n_|_) with 
K E No U {+00}. 

Definition 11.2. Let k E No U {+00} and let F E 7?.K,g(n+). 

(a) The function F^^^ := F is called the 0-step SN -transform of F. 

(b) The function := ''o ) is called the 1-step SN-transform of F. 

(c) In the case k E N U {+00}, the function F^^^ := F^+'^o ^'•''i is called the 2-step 
SN-transform of F. 

We relate now the just introduced notions to the inverse Schur transforms studied in 
Section [51 
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Remark 11.3. Let k G Nq U {+00} and let F G 7^K,(j(n-|-). From Lemma 111.11 and 

parts dbj) and (jcj) of Corollary 18. 18[ one can see then that ' = F and, in the 

> 1, furthermore 



Proposition 11.4. Let k G NoU{+oo} and let F G n^^g{U+). Then F^^) G 
and, in the case k G N U {+00}, g P°'^'^[sf ^' 



Proof. In view of Lemma 111.11 the application of Corollaries 19.21 and 19.41 yields the first 
and second assertion, respectively. □ 

Proposition 11.5. Let k G Z2,+oo U {+00} and let F G n,^^q{Il+). Let (sf ^)j=o 
be the first Schur transform of {sf^^)]^o. Then F^^) g 7^«_2,g[^+; (sJ.^^)^-^], fj^fa, g 

(4'^)po,=], and (.«)-^ = (.^'^'^)Po^. 

Proo/. In view of Lemma dLH we have ap G (^^''^^=0 ^ and F G 

7?.K,q[n4.; (s^'^^^)^^g]. Thus, we get from Remark 19.101 in the case k G Z2,+oo and Corol- 
lary ES] in the case k = +00 that F^^) g TZ^-2,q[^+; {sf'^)'jZo]- Hence, (fO]) implies 
G 7^,-2,,(^+) and C7^(.) G A^^M; (sW)po^ =]. Consequently, {s^-^''^)]Z^ = 
is?)]Z!- " □ 

Lemma 11.6. Let k G NU {+00} and let F G 7^«;,g(^+). Then F^^) g 7^K_2,g(^+). 
Proof. In the case k = 1, the combination of Proposition II 1 .41 and (|4.2p yields 

F(2) G c 7^_l,,(^+) = 7ei-2,,(n+). 

In the case k G Z2,+oo U {+00}, the application of Proposition 111.51 and (|5.3|) brings 

f(2) G7^,_2,g(^+).' □ 

In view of Lemma lll.6l we introduce in recursive way the following notions. 

Definition 11.7. Let k G N U {+00} and let F G 7?.K,5(n+). For all A: G No with 
2A; + 1 < K, we will call the 2-step SN-transform F^^^^^-*^)) of the 2fc-step SN-transform 
F(2^) the 2{k + l)-step SN-transform of F. 

Definition 11.8. Let k G No U {+00} and let F G n^^q{Il+). For all G No with 
2k < K, we will call the 1-step SN-transform F^^'^^^) of the 2A;-step SN-transform F^^'^) 
the {2k + l)-step SN-transform of F. 

Remark 11.9. Let k G Z_i,+ooU{-Foo}, let F G 7^K,g(n+), and let A; G Nq with 2A;-1 < k. 
From Definitions 111.21111.71 and 1 1 1 . 8 1 and Lemma lll.6t we see that: 

(a) F(2'=) G 7^«_2fc,,(^+). 
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(b) = f(2'=+^) for each I G No with l-l<K-2k. 

The content of our next considerations can be described as follows. Let k G ^2,-1-00 U 
{+00} and let isj)^^^ £ Tif:^. Then we are going to study the above introduced 
Schur-Nevanlinna type algorithm particularly for functions which belong to the class 
7^K,(j[n+; (sj)j^=o]. The next results contain essential information about the algorithm 
applied to functions belonging to the class 7^K,g[n+; (sj)^^Q]. For every choice of -F G 
7^g(^+) and so,si G C'""^, we set 

and 



Proposition 11.10. Let k G N U {+00}, let (sj)^=o ^ "^1^^, and let F belong to 
n^^g[U+; (sj)^^o]. Further, let n G No be such that 2n + 1 < k and let be the 

2(n + l)-step SN-transform of F. For each integer m with < m < min{n + 1, let 

{s^^^)j~q"^ be the m-th Schur transform of (sj)^^Q. Then: 



(a) 



(ILl) 

and 

^(2(n+l)) ^ f^K-2(n+l),g[n+; {sf^^^)^!^''''^^^] , if 2n + 1< K ^ 
|podd[g(n)] ,if2n+l = K' 

Proof, (jaj) Formula follows immediately from the definition of (see Def- 

inition 111.71 and part (jcj) of Definition lll.2p . Using Corollary 19. 4| Theorem I9.7|, Corol- 
lary ElSl and Theorem 19.91 formula (|11.2|) follows by induction. 

dbj In view of Corollaries 110.51 and 110.121 part (jbj) is an immediate consequence of (jaj) . 

□ 

Proposition 11.11. Let k G No U {+00}, let (sj)^=o ^ ^'^d F belong to 

7^K,<?[n+; {sj)j^Q]. Further, let n G No be such that 2n < k and denote by the 

(2n + l)-step SN-transform of F. For each m G Zq,™ let {s^j^^)jZQ"^ be the m-th Schur 
transform of {sj)j^Q. Then the following statements hold true: 
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(a) 



-^(-i-;4"))(^) ,ifn = ^ 



and 



(b) 



,ifn = 

[-^(_;40),4o)) ° • • • ° -^(_;4"-i),4"-i)) ° -^(-;4"))](^^^"^^^) , if « e N ■ 

Proof, (jlj) Formula (jll.3p follows immediately from the definition of ^ggg Defi- 

nition [TL8] and parts (jbj) and (|cj) of Definition 111. 2p . Using Corollary 19.21 Theorem 19.71 
Corollary 19.81 and Theorem 19.91 formula (jll.4p follows by induction. 

(jb]) In view of Corollaries ll0.2l and ll0.12| part ([b]) is an immediate consequence of (jaj). 

□ 

Our next considerations are aimed to study the inyersion of the Schur-Nevanlinna 
algorithm. The following result can be considered as an inverse statement with respect 
to Proposition 111. lOl 

Proposition 11.12. Let n G No and (sj)f=o^ G Ti 

g,2n+i- each m G '^o^n, let 

(4"'^)?=o'™^^^ be the m-th Schur transform of {sjfjlt^. Further, let G G and 
let 

^ [-^(„;4o),4o)) ° -^(-;4i),4i)) ° • • • ° -^(-;4"',4"')KG')- 

Then the following statements hold true: 

(a) FG7^2„+l,,[^+;(.,)?:^']■ 

(b) The 2{n + l)-step SN-transform of F satisfies = G. 

Proof, (jaj) This follows by combining Proposition 110.41 and Theorem llO.lli 

(jbj) Taking the definition of F and (jaj) into account, the application of Corollaries 110.51 
and llimj yields 

G = [-^(+;4"),4")) ° -^(+;4"-i),4"-i)) ° • • • ° -^(+;4^),4^)) ° -^(+;4o),4o))](^)- 

Combining this with (jaj), we infer from part (jaj) of Proposition 111.10) that 

^(2(n+l)) □ 

The combination of Prop ositions lll.IUl and fll. 121 gives us now a complete description 
of the SN algorithm in the class 7^2n+i,(j[n+; {sj)'^'^^]. 
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Theorem 11.13. Let n G No and (sj)-"o^ G ^g2n+i- For each m G Zo,n, let 



(Sj™^)j^o be the m-th Schur transform of (sj)|"o^- Let 



and let 

Then the following statements hold true: 

(a) The mapping ■^2n+i-^ generates a bijective correspondence between 'P°'^'^[s^^] 
and 7^2„+l,4^+;(s,•)|^+l]. 

(b) Let .)2n+ip~^ be the inverse mapping of .•j2n+i^. For each matrix- valued 
function F G 7^2r^+l,g[^+; (s^)^"^^], then 

where is the 2(n + l)-step SN-transform of F. 

Proof. Combine Propositions 111.101 and 111.121 □ 

The following result can be considered as an inverse statement with respect to Propo- 
sition [UTll 

Proposition 11.14. Let n G No and let (sj)|=o ^ ^^2n- -l^o^ ^^^^ ^ ^o,n, let 
(s^"^^)^f?Q be the m-th Schur transform of (sj)|"o- Further, let G G 'Pq™'^[sQ"^] and 
let 

(f („) (G) ,ifn = 

[ [-^(-;4°),4°)) ° ■ ■ • ° -^(-;4"-^\4"-^)) ° -^(-;4"')](^) , if n G N ' 
Then the following statements hold true: 

(a) FG7l2n,,[n+;(5,)2-o]. 

(b) The (2n + l)-step SN-transform F^^^+i) of F satisfies F^^^+i) = G. 

Proof, (jaj) This follows by combining Pr op osit ion 1 1 . Il and Theorem 110.91 

(fb]) Taking the definition of F and (jaj) into account, the application of Corollaries 110.21 
and [Ial2j yields 

G=|-^(+;4r^)(^) ,ifn = 0^ 

I [-^(+;4"') ° -^(+;4"-^\4"-^') ° ■ ■ ■ ° -^(+;4°',sr)^^^^ , if n G N ■ 
Combining this with (jaj), we infer from part (jaj) of Proposition II 1 . iT] that 

^(2n+l) ^ g 
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The combination of Propositions 111. IT] and [11.14l gives us now a complete description 
of the SN algorithm in the class 7^2n,g[n+; (sj)|"g]. 



/>,e 



Theorem 11.15. Let n G No and (sj)j=o ^ '^q2n- -^o^ ^^"^^ ^ ^o,n let {Sj 



be the m-th Schur transform of (sj)?"o- Let 



{T {„) , if n = 

-^(-;4°',sf ) ° • • • ° -^(-jsf-l'.sri)) ° -^(-;4"') ' if ^ e N 

and 

, if n = 

^+'"0 ^ . 11.8 

•^^4. (")^ ° -^^4. (-1) (-1)^ o • • • o F (0) (0), , if n G N 

Then the following statements hold true: 

(a) The mapping T^^_.^^^g.•^1n generates a bijective correspondence between 7^^^™[sq"^] 
and 7^2„,g[^+;(sJ)2^o]. 

(b) Let (-F(_.(g_^,)2n^-))~^ be the inverse mapping of T^^_.^^g.•^^^.n For each matrix-valued 
function F £ 7^2n,g[n+; (s^O^^q], then 

where ^J^e (2n + l)-step SN-transform of F. 

Proof. Combine Propositions 111.111 and 111.141 □ 

Our next considerations are aimed to rewrite the mappings introduced in Theo- 
rems 111.131 and 111.151 as linear fractional transformations of matrices. The essential 
tool in realizing this goal will be the matrix polynomials introduced in Appendix [Cj 
More precisely, we will use finite products of such matrix polynomials. 

Let K G No U {+00} and let {sj)j^Q be a sequence of complex p x q matrices. Let 

n G No be such that 2n < k. For all m G Zo,n, let {sf^^)^!^'^ be the m-th Schur 
transform of (sj)^^Q. For all n G No with 2n < k, let 



V (0) , if n = 



^0 



(11.9) 



and, for all n G No with 2n + 1 < k, let 



Qj((-.).=o ) := V,o) jo)Va) m • . . . • V,„^ <„). (11.10) 
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Furthermore, for all m G Zq.k, let 

f)j((^.)r=o) 



hi »i2 



■'21 



-'22 



{(«.),"Lo) 



be the block representation of 23^^ ^-'^=0-' with p x p block \}^^ ^ 

Remark 11.16. Let k G Z2,+cxdU{+oo} and let (sj)^^Q be a sequence of complex p x q ma- 
trices. For all n G N with 2n < k and all k G Zo,n-i) one can see then from ()11.9p . 
(|ll.l()p . and O Remark 9.2] that 



and 



where f,- 



s(.''+^) for all J G Zo,2(n-fc-i)- 



"J ■ "J 

Remark 11.17. Let k G Z3^+ooU{-|-oo} and let (sj)j^Q be a sequence of complex p x q ma- 
trices. Then, for all n G N with 2n + 1 < k and all k G Zo,n~i) one can see from (|11.10p 
and 122 Remark 9.2] that 



(fe)s2(n-fc)-lN 



J") 



and 



//„('=)\2(n-fc) + U 



//, -.2{n-fc)-ls 

»0 '*1 



where := sf'^'^^ for all j G Zo,2{n-fc)-i- 



Let K G No U {+00} and let (sj)^^Q be a sequence of complex p x q matrices. Let 
n G No be such that 2n < k. For all m G Zo,„, let (4"'')j=o" ^e the m-th Schur 



transform of (sj)^^Q. Let 



W 



(0) 





•^1 



(1) Jl)^JO) JO) ; 



»0 '^1 



"0 '"1 



) „{n)^j"-i) „{"-!) • • • • • SO) AO) 



... • 



I 

I, «0 "0 '•'1 

For ah n G No with 2n + 1 < k, let 

Furthermore, for all m G Zo,k; let 

nrr({^.),"Lo) - "'11 "'12 

be the block representation of ^^^^^^^3=0) with p x p block ro 



, if n = 



if n > 1 



(11.11) 



(11.12) 



11 
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Remark 11.18. Let k G Z2,+ooU{+oo} and let (sj)j^q be a sequence of complex p x g ma- 
trices. For all n E N with 2n < k and all k S Zo,n-i5 one can then see from (jll.lip . 
(fTLT2]l . and [SI Remark 9.2] that 



and 



2{n-fc-l)N 



»0 



where tj := s^*"^^^ for all j G Zo,2{n-fc-i)- 

Remark 11.19. Let k £ Z3^+ooU{+oo} and let (sj)^^Q be a sequence of complex p x q ma- 
trices. Then, for all n G N with 2n + 1 < k and all k G Zg^n-ij one can see from ()11.12p 
and [Ml Remark 9.2] that 



(fe)^2(n-fe)-l^ 



and 



where t 



„(fe) 



■J 



5^.''+"^^ for all j G Zo,2(n-fc)-l- 



Proposition 11.20. Let n G No, let (sj)|"o^ G 'Hf^2n+i and let (Sj"0]=o be the 



'^''^ 1 and let 

n-th Schur transform of {sjf^^. Further, let G G Vf'^[s^Q \ Then: 
(a) For all z G 11+, 



det 



■'21 



(z)G(z)+t)22^ 



(^) 



(b) Let ->^(_.(g -jan+i^ be given via ()11.5p . Then 

Proof. For each m G Zo,n let (s^™'*)^£^q "^^'^"'^ be the m-th Schur transform of (sjOj"^""^. 
For each m G Zo,n; in view of Proposition 17.21 then 

/'„M\2(n-m)+l ^>,e 

J ^J=0 ^ '^<j,2{n-m)+l- 

Thus, for each m G Zo,n; we have 

(sf)),^ e nl;l (11.13) 

Because of ()11.5p . we have 
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For each k G Zo,n we infer from Proposition 110.41 and Theorem 110.111 inductively 



[-^(-;4'=),s«)°-^(-;4'=+^',4'=+^')° 



2(n-A:)+l,(3 



For each G 



then Lemma 15.81 shows that 



[•^(_;,W,4''))°-^(„;4'= + l),,(fc + l))° 



°-^(-;4"),4"')KG)eK''[4'^] 



Taking ()11.13p . (|11.14p . and (jll.lSp into account, we get from Lemma [8.121 that 



(-;(^.)-:r) 



,(G) = (5v 



,(0) ,(0) 



oS 



V 



(1) ,(1) 

'1 



(n) (n) - 
'1 



In view of pi.l6p and (jll.lOp . now Proposition IB. II vields (|aj) and (jb]). 



(11.15) 

(11.16) 
□ 



Proposition 11.21. Let n E No and let (s^)^"^^ G ^^2n+i- Further, let F belong to 



/>,e 



\2n+ll 
3)j=Q \ 



'^2n+l,i3[n+; 

(a) For aU z ^li^ 



Then the following statements hold true: 



det 



21 



(z)F(z)+tt)22- 



(^) 



/O. 



(b) Let F,. 



be given by pi.6p . Then 



J". 



(+;(^.)-:r) 



iF)=S 



Proof. For each m S Zo,n let (s^™'*)^^?q 
For each m G Zo,n hi view of Proposition 17.21 then 

/'„M\2{n-m)+l ^>,e 

)j=0 t "•g,2{n-m)+l- 

Thus, for every choice of m G Zq n; we have 



be the m-th Schur transform of (sj)'^'^^. 



Because of ()11.6p . we have 



{+;{s,r,ir) ~ -^{+;4"',4"') ° •^(+;4""''.4""'') -^(+;4°',4°')- 



(11.17) 



(11.18) 



For n = 0, the assertions of (jaj) and (jb]) are an immediate consequence of (jll.lSp . 
(jll.lOp . and part (jcj) of Lemma \8M Now let n G N. For each k G Zo,n-i; we infer from 
Theorem 19.91 inductively that 



[•^(+;4'^-\4'=') ° 



{k)^2{n-k)+l 



(11.19) 



' -^(+;40),40))](-^) £ '^2{n-fc)+l,g 

Taking (jll.l7p . (jll.lSp . and (|11.19p into account, part (jcj) of Lemma lO vields 

In view of (|11.20p and ()11.12p . now PropositionlB.il vields (jaj) and (Jb]). □ 
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Proposition 11.22. Let n G No, let {sj^jIq e T-(-f,2n' and let (s}"Oj=o the n-th Schur 
transform of (sj^jIq. Further, let G G Then: 

(a) For all z G n+, 



,(")\0 



det 



22 



(b) Let T,. 



(-;(^.mo) 



be given by (jll.7p . Then 



Proof. From pi.Zp and (|11.5|) we infer that 



-^(-;4"') 



if n = 



Tf , .2n-i.oJ=' („) ,ifnGN 



(11.21) 



First we consider the case n = 0. Taking (jll.9p and (jll.2ip into account. Lemma 18.131 
yields the assertions of (jaj) and ©. Now let n G N. Then clearly 

{s,)%-,'e-Hf:l_,. (11.22) 

Furthermore, Proposition 17.21 implies (s^"^)^^q G T^fo- Then Lemma [8.131 provides us 

-^(_;4n))(G)=5y(„,(G). (11.23) 

From Corollarv 111). 21 we see that 

J•(_^^(„)^(G)G7^o,, [n+;(4"))0=o 



Thus, Lemma 15.81 vields 



J-(_^^,„))(G)GPf'i[4")] 



(11.24) 



Let (s^" ^^)j=o be the (n — l)-th Schur transform of (sj)^"g. In view of ()7.ip . then Sq"^ 



4" ^^(-52" ^^)^'5o" In particular, A^(sq" C A^fsg"'') and Remark 14.51 implies 

(11.25) 



,odd[^(n)j 



From (fTLMD and (fTL25]l we get -F^_.„(n)^(G) G ^"'^'^[sE)" ^^], and taking (fTT:22]l into 



account, Proposition 111.20) vields 



i-,srr 



s2n-ls I J^, („) (G) 



Using (fn^TT) . (fTOejl . and (fTT:23]l . we get 



(11.26) 



(11.27) 
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In view of Remark 111.161 we have 



^{{s,)]^o) = Qj((^^)|"o')y(„). (11.28) 

In view of (lll.27|l and (111.281) . Proposition [RT] yields then ((aj) and ©. □ 

Proposition 11.23. Let n G No, let {sjfjlQ G Tif'^^ and let F E 7e2n,g[n+; (sj)^!!^]. 
Then the following statements hold true: 

(a) For all z G 11+, 

det 



^21 i.z)F{z) +tV22 (z) 



(b) Let J^(_|_.(^^,-)2n^) be given by (|11.8|) . Then 



Proof. Let {s^"'^)^^q be the n-th Schur transform of (sj)|"Q. From (|11.8|) and (|11.6p we 
infer that 



if n = 



T, . {„) o T, , ./„ ^2n-l^ , if n e N 



(11.29) 



First we consider the case n = 0. Taking (jll.lip and ()11.29p into account the application 
of parts (jaj) and (jb]) of Lemma [8^ vields the assertions of ((aj) and (jb]). Now let n G N. 
Then clearly 

{s,)%-,^eH^;l_,. (11.30) 

From (15.30 we see that 

(11.31) 
(11.32) 

(11.33) 



F G 7^2„_l,, [n+; (s,-)J^o' 
In view of 1)11. 30p and ()11.3ip . we conclude from Proposition I11.2T] that 



and from part (jaj) of Proposition 111.101 that 



^^+1 [Sj )j=0 



In view of Proposition 17. 2j we have (sj"^)^^Q G T^^o- Then from (|11.33p and parts (jaj) 
and (|b|) of Lemma 18.91 we get 



Using (fTLMIl . (HLMD, and (fTL32]l . we obtain 



(11.34) 



(11.35) 
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In view of Remark 111.181 we have 



2jj((^i)^^o) = w \ (11.36) 

Taking (|11.35p and ()11.36p into account, the apphcation of Proposition IB. II vields the 
assertions of (jaj) and (jb)). □ 

12. Descriptions of the Sets TZjn^q\U.+] (-^jOjLo] 

Let m £ No and let {sj)^Q £ 'Hq,m,- Then we know from Theorem 1 1 . 3 1 that the solution 
set [M; (sj)yLg, =] of Problem l\/l[R; (sj)^Q, =] is non-empty. Furthermore, Corol- 
lary [5i3 tells us that 7^m.,g[n+; (sj)^g] is exactly the set of Stieltjes transforms of all the 
measures belonging to A^>[M; {sj)'^^Q,=\. On the basis of our Schur-Nevanlinna-type 
algorithm, which was introduced in Section [TTl we have obtained important insights into 
the structure of the set TZm,q\^+', (sj)yLo]- Using Theorem 17.51 we will now rewrite the 
descriptions of 7^m,q[n+; (sj)jLo]' which were obtained in Section [TTl in a form which is 
better adapted to the original data sequence {sj)Y=o- This is our first main theorem. 

Theorem 12.1. Let n £ No, let (sj)^^o ^ '^fSn^ let Qj(("^)i=o) be defined by pTnjl and 
let Ln be given by (|7.2p . Then the following statements hold true: 



(b) For each F £ 7^2n,g[^+; {sj)jlo], there is a unique G £ 7^g™"[L„] which satisfies 

namely G = where stands for the (2n + l)-step SN-transform of 

F. 

Proof. Let (Sj"^)j=o n-th Schur transform of (sj)|"o- 1^ view of Theorem 17.51 and 

Definition 17.31 then s^^^ = Ln. Hence, the application of Theorem 111.151 and Proposi- 
tion [TTT22] completes the proof. □ 

It should be mentioned that a result similar to part (jaj) of Theorem 112.11 is contained 
in [9l Theorem 4.1]. 

Corollary 12.2. Let n £ No, let (sjfjlf;, £ n>^^ and let be defined by (fTLQ]) . 

Then 

^2n,, [n+;(s,)|^o] =5^((.,)-,, (4"''(n+); 

Proof. From Remark 17. 101 we get 

{s,)%, £ nfSn. (12.1) 
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Because of the assumption (sj)j"Q G 'Hq2n^ infer from part (jcj) of Lemma 17.111 that 
the matrix L„ defined in (|7.2p is positive Hermitian. In particular, det L„ 7^ 0. Conse- 



quently, Remark l4.ll implies 'Pg™'^[L„] = TZq ^'(n+). Thus, taking (jl2.ip into account, 
the application of part (jaj) of Theorem 112.11 completes the proof. □ 



Observe, that under the assumptions of Corollary 112.21 an alternative description 
of the class Tl2n,q[^+'i (sj)j=o] obtained in [iTl Theorem 8.2] with the aid of the 
RKHS method. ' 

Let n G No and let (sj)|"q G 'H^2n- Then (sj)^^Q is called completely degenerate, if 

Ln = Ogxg, where L„ is defined in (|7.2p . Observe that the set 'H^2^ of all completely 

degenerate sequences belonging to ^~2n ^ subclass of 'H^2n (see [T9i Corollary 2.14]). 
This class is connected to the case of a unique solution, which was already discussed 
in [9l Corollary 3.5]. 

Theorem 12.3. Let n G No and let {sj)]!^ G 'Hf2n- Then: 

(a) The following statements are equivalent: 

(i) The set 7^2n,ij[n+; (sj)^"Q] consists of exactly one element. 



>,cd 



(ii) {Sj)%, G nq^2n 



(b) If (i) holds true, then det 



({^.)?^o), 



z) 7^ for all z G 11+ and 



7^2„,, [n+;(5,)i=o] 



((^^■)'"o),^((^.)?=o)x-l 



'12 



'22 



Proof, '(i)^(ii)': Use Theorem [321 Corollary [3291 Corollary [521 and [19, The- 



orem 8.7]. 



(ii) 



': Let Ln be defined in ()7.2p . Then (ii) means L„ = O^xg- Thus, part (jaj) of 
Proposition 14. 9|. implies that the set Pg™'^[L„] consists of exactly one element, namely 
the constant function defined on 11+ with value Oqxq- Using part (jaj) of Theorem 112. Ij 
then (i) follows, and we see moreover that (jbj) holds true. □ 



Now we formulate our second main theorem. 



Theorem 12.4. Let n G Nq, let (sj)^"^^ G ^^an+n let ^^^'^h"o ) be defined by (fTLln]) . 
and let L„ be given by (|7.2p . Then the following statements hold: 



(a) 7^2„+l,g[^+; (sj),-=o ] = ■^^((s,f"+ 



(b) For each F G 7^2n+i,g[n+; (sj)^"^"*^], there is a unique G G 'Pq^'^[Ln\ which satisfies 



2n + 



1, (G) = F, 



namely G = where stands for the 2(n + l)-step SN-transform 

of F. 
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Proof. Let (sj"^)j^Q be the n-th Schur transform of {sj)'^'^^. From the choice of (sj)"^^^ 
we get (sj)j"o ^ ^^2n- Thus, we infer from Theorem 17.51 and Definition 17.31 then 



Ln- Hence, the appUcation of Theorem 111.131 and Proposition I11.2TI] completes 



the proof. 

In the scalar case (7 = 1, the following result goes back to [12] Corollary 5.2]. 



□ 



Corollary 12.5. Let n £ No, let (sj)^^"^^ G ^^2™+! and let ^^^'^h=o ) be defined by 
(fTLTnjl . Then 



n+;(5,) 



2n+l 
j=0 



Proof. From {s,)%+' G we get 



/ \2n+l ^ nj>,e 



(12.2) 



Because of part (jaj) of Proposition 17.141 we also get (sj)j"Q S 'H^2n- Then part (jcj) of 
Lemma 17.111 yields L„ E C>^'^. In particular, detL„ ^ 0. Consequently, Remark 14.11 
implies V°'^'^[Ln] = 7^_l,5(^+). In view of (fl^ and part (jaj) of Theorem fTTH this 
completes the proof. □ 

Now we derive an analogue of Theorem 112.31 

Theorem 12.6. Let n G No and let (sj)j^"^^ G '^qSn+v Then: 

(a) The following statements are equivalent: 

(i) The set 7^211+1,13^4.; (sj)^"^"'^] consists of exactly one element. 

(ii) e n^;^t 



(b) If (i) holds true, then det D22 



z) ^ for all z G n_|- and 
(O22 



'12 vi'22 / 



Proof '(i)^(ii)': Use Theorem [321 Corollarv Km B . Corollary ICT and \W, The- 



orem 8.9]. 



(ii)=>(i)': Let L„ be defined in (|7.2p . Then (ii) means L„ = Ogx<j- Thus, part (jg 



of Proposition 14.91 implies that the set Vg [Ln] consists of exactly one element, namely 



the constant function defined on II-i with value 0, 



then (i) and ^ follow. 



qxq. Using part ((aj) of Theorem 112. 4[ 

□ 



By using Proposition 14.91 we are able to derive alternate descriptions of the set 
7^m,g[n+; (sj)^Q] if m G No and (sj)^o ^ T^q'Jm are arbitrarily given. This gives re- 
formulations of our two main results stated in Theorems 112.11 and 112.41 
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Theorem 12.7. Let n G No and let (sj)^=o ^ ^^2n- Let L„ be defined in i^Ji). Suppose 
that r := rankL„ fulfihs r > 1. Let ui,U2, . . . , be an orthonormal basis of R{Ln) and 
let U := [ui,U2, ■ ■ ■ ,Ur]. Then: 

(a) 7^2„,,[^+; {s,)%,] = ({[//[/*!/ G 7^i-'] (n+)}). 

(b) Let F E 7^2„,g[^+; (sj)|!io]. Tlien there is a unique / G 7^[."^'(^^_) such that 

namely / := where ^(^"+1) is the (2n + l)-step SN-transform of F. 

Proof. Since (sj)^!lo £ ^^2n implies (sj)^"o ^ ^^2n from part ([d]) of Lemma [TT] 

that L„ G C^^''. In particular, L* = Ln- Thus, part (jb]) of Proposition 14.91 yields 

r^^'iLn] = {ufu* \f G 7^i-2l(^+) } , (12.3) 

whereas Remark IA.6I implies U*U = Ir- 

(jlj) Because of ()12.3p , we infer (jaj) from part (jaj) of Theorem 112.11 
© Using (fTOl) . [/*[/ = /r, and (ilj), we conclude © from part (jb]) of Theorem [HTI 

□ 

Theorem 12.8. Let n € No and let {sj)'^Zt^ £ ^^2n+i- Let L„ be defined in HiTTItf . 
Suppose that r := rankL„ fulfills r > 1. Let ui,U2, . . . ,Ur be an orthonormal basis of 
[A^(sq"'^)]^ and let U := [ui,U2, ■ ■ ■ ,Ur]. Then: 

(a) 7^2„+l,,[^+; {Sj)fj,'] = G 7^_l,,(^+)}). 

(b) Let F G 7^2n+l,9[^+; (sj)f=^^]. Then there is a unique / G 1^^.(11+) such that 

namely / := where is the 2(n + l)-step SN-transform of 

F. 

Proof. Since (sj)'^^^ G ^^2n+i implies (sj)^"o G ^^2ni "^^ again from part (jd]) of 
Lemma \77l\ then L*^ = Ln. Thus, part (jb]) of Proposition HTOl yields 

Vf^'lLn] = {UfU* \f G 7^_l,,(^+)} , (12.4) 

whereas Remark IA.6I implies U*U = Ir. 

(jaj) In view of (|12.4p , we infer (jaj) from part (jaj) of Theorem 112.41 

dbj) Using (fTTil) . [/*[/ = /,., and (jaj), we get (jb]) from part (jb]) of Theorem [1231 □ 
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A. Some Results On Moore-Penrose Inverses of Matrices 

For the convenience of the reader, we state some well-known and some special results 
on Moore-Penrose inverses of matrices (see e.g., Rao/Mitra [39] or Section 1]). If 
A E C^^'^, then (by definition) the Moore-Penrose inverse A^ of A is the unique matrix 
A^^ E C^^^ which satisfies the four equations 

AA^A = A, A^AA^ = A\ (AA^)* = AA^ and (A^A)* = A^A. 

Remark A.l. Let A E C^^"?. Then one can easily check that: 

(a) (^t)t = A, (At)* = (A*)t, and Ip - AA^ E Cf 

(b) R{A^) = R{A*), rank(At) = rankA, and N{A^) = N{A*). 

Proposition A. 2 (see, e. g. \16\ Theorem 1.1.1]). If A E C^^' then a matrix G E C^p 
is the Moore-Penrose inverse of A if and only if AG = Pa and GA = Pq, where Pa and 
Pq are respectively, the matrices associated with the orthogonal projection in onto 
R{A) and the orthogonal projection in C onto R{G). 

Remark A. 3. Let A E C^^"^. Then it is readily checked that: 

(a) Let r E N and let B E C'^^'?. Then A^(yl) C N{B) if and only if BA^A = B. 
Furthermore, N{B) = N{A) if and only if B^B = A^A. 

(b) Let s E N and let C E C^^^ Then R{C) Q R{A) if and only if AA^C = C. 
Furthermore, R{C) = R{A) if and only if CCt = AA^ . 

Remark A. 4. Let A,B e C^""^. From Remarks 1X3) and IAH one can easily see that the 
following statements are equivalent: 

(i) N{A) C N{B). 

(ii) BA^A = B. 

(iii) AA^B = B. 

(iv) R{A) C R{B). 

Lemma A. 5. Let A,X £ CP'^i. Then the following statements are equivalent: 

(i) N{A) C N{X) and R{A) C R{X). 

(ii) N{A) = N{X) and R{A) = R{X). 

(iii) A^A = X^X and AA'^ = XX^. 

(iv) iV(At) = N{X^) and R{A^) = R{X^). 
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Proof. In view of dim[A^(yl)] + dim[i?(yl)] = q and dim[iV(X)] + dim[R{X)] = q, the 
implication ' (i) => (ii) ' is true. Otherwise, the imphcation ' (ii) => (i) ' is trivial. Part (|b]) 



of Remark IA.3I yields the equivalence of (ii) 
into account, we see that the equivalence of 
of the already verified equivalence of (ii) and 



m, 



and (iii)[ Taking part (jaj) of Remark lA.ll 



(iii) and |(iv) is an immediate consequence 



□ 



Remark A. 6. Let A £ C^^"? \ {Opxq}- Let r := rankA, let ui,U2, . . . ,Ur be an orthonor- 
mal basis of R{A*), and let U := [ui,U2, ■ ■ ■ ,Ur]. Then U*U = Ir, and, in view of 
Proposition IA.2I and Remark I A. 11 furthermore UU* = A^ A. 

Lemma A. 7. Let A,B£ C'^'^. Then the following statements are equivalent: 

(i) A>B> Ogxg. 

(ii) 5t > B'fBA^BB'f > Ogxg and N{A) C N{B). 

(iii) B > BA^B > Ogxg and N{A) C N{B). 

(iv) [^i] >02,x2,. 

If [(I)] is fulfilled, then N{BA^B) = N{B) and R{BA^B) = R{B). 



Proof, '(i; 



': From Remark [O] and (i) we get N{A) C N{B) and 



ig > AA^ = Va^aVa^ > Va^bVa^ = {^Va^)*{VbVa^), 

which implies Ig > {VbVaJ){VbVaJ)* . Hence, 

B^ = VB^ ■ Ig ■ /B^ > ^/B\VB^){^/BVA^)*^/B^ > Ogxg. 

In view of ^/B\^/B^/A^){^/B^/AJ)*^/B^ = B^BA^BB^ thenpjlis fulfilled. 



(ii) => (iii) ' : From (ii' 



we get 

B = BB'^B > BB'fBA^BB^B > 0, 



qxq- 



In view of BB'fBA^BB^B = BA^B andp)] then pi)] is fulfilled 



(iii) => (iv) ' , ' (iv) => (i) ' : These implications are immediate consequences of a well- 



known characterization of non-negative Hermitian block matrices (see, e.g., [161 Lem- 
ma 1.1.9, p. 18]) and the equation BB^B = B. 

Finally, suppose that [(i)] is fulfilled. Hence, we have N{A) C N{B), which, in view of 
Remark IA.41 implies AA^B = B. Thus, we obtain 

N{B) C N{BA^B) = N {{\^B)*{^B)^ = N{Va^B) 
C N{aVa^Va^B) = N{AA^B) = N{B), 

i. e., N{BA^B) = N{B). Because oi A, B £ C^", this yields R{BA^B) = R{B). □ 
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Now we state some basic facts on the class 

C^^" := {A e a""} \R{A*) = R{A) } . 



Proposition A. 8. Let A G C'^^'^. Then the following statements are equivalent: 



(i 



m 



(iv 



(vi 



Vll 



vm 



N{A* 
AA^ -- 



= NiA). 
A^A. 



Re(^t) = Re{A){A^y and Im(^t) = _^t Im(^)(^t)*. 
Re(.4t) = {A^)*ReiA)A^ and Im(^t) = -(^t)* ini(^)^t. 
ReA = ARe{A^)A* and Im^ = -Alm{A^)A*. 
ReA = A* Re(^t)^ and lmA = -A* Im(^t)^. 



Proof. The equivalence of (i) , (ii) , (iii) , and (iv) can be found in Cheng/Tian [TO] or 
Tian/Wang [43j. What concerns the equivalence of (i) , (v) (vi) , (vii) , and (viii) we refer 
to [2ni Proposition A. 6]. □ 

Lemma A. 9 ([201 Lemma A. 10]). Let A £ Iq,> where Iq,> is given via (j2.ip . Then 
N{A) C A(Im^), i?(Im^) C R{A), and A G C^^^. 

At the end of this section, we give a slight generalization of a result due to S. L. Camp- 
bell and C. D. Meyer Jr. This result can be proved by an obvious modification of the 
proof given in |8:, Theorem 10.4.1]. 

Lemma A. 10 ([SJ Theorem 10.4.1]). Let (An)^^-^ be a sequence of complex p x q ma- 
trices which converges to a complex p x q matrix A. Then (An)'^^-^ is convergent if and 
only if there is a positive integer m such that rank An = rank A for each integer n with 
n> m. In this case, (^n)5^i converges to A^ . 



B. On Linear Fractional Transformations of Matrices 

In this appendix, we summarize some basic facts on linear fractional transformations 
of matrices which are needed in the paper. This material is mostly taken from [38] 
and [m Section 1.6]. 

Let a G C^^p, b G C^^^, c G C^^p, d G C'?^^ and let 
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If the set Q[c,d] '■= {x G C^^'^l det(cx + d) ^ 0}is non-empty then the hnear fractional 



transformation 5^'*^^ : Q[c,d] — ^ C^^*^ is defined by 



E 



(x) := {ax + b){cx + d) \ 



The following well-known result shows that the composition of two linear fractional 
transformations is again a mapping of this type. 

Proposition B.l (see, e.g. [ISl Proposition 1.6.3]). Let 01,02 G C^^f, let 61,62 G Cf^"?, 
let ci,C2 G O^P, and let di,d2 G C'^^'' be such that rank[ci,(ii] = rank[c2,(i2] = 9- 



Furthermore, let Ei :- 



ai bi 
ci di 



a2 b2 
C2 d2 



E := E2E1, and E= ^] be the block 



representation of E with p x p block a. Then Q := {x G Q 



ci,di] I 



is a nonempty subset of the set Q[c,d] and = S^^''^\x) holds true for all 

X £ Q. 



We make the following convention: If a non-empty subset ^ of C and a matrix- 
valued function V : G ^ £.'2<i>^'^<i with q x q block partition F = [^jj ^H] and a matrix- 
valued function F: Q ^ C^^i with det[w2i(z)-F(2;) + ^22(2)] / for all z G G are given, 
then we will use the notation Sv{E) for the function Sv{F): Q — >■ C^^' defined by 
[Sv{F)]{z) := for ah z G Q. 



C. The Matrix Polynomials Vab and VFa 



,5 



In this appendix, we study special linear {p + q) x {p + q) matrix polynomials which are 
intensively used in SectionEl Let A,B e 0'""^. Then we define Wa,b ■ C ^ C^p+i)->'^+i) 
and Va,b ■■ C ^ €(^+9) ^ (^+9) by 



zip - 5At 



A 



and 



Opxp A 
At zig -A^B 



U B = Opxq, then we set 



(C.l) 
(C.2) 



Wa := Wa,o^ 



and 



:= n„ 



(C.3) 



The use of the matrix polynomial Va,b was inspired by some constructions in the pa- 
per [9]. In particular, we mention 0, p. 225, formula (4.12)]. In their constructions Chen 
and Hu used Drazin inverses instead of Moore-Penrose inverses of matrices. Since both 
types of generalized inverses coincide for Hermitian matrices (see |24t Proposition A. 2] 
we can conclude that in generic case the matrix polynomials Va,b coincide with the 
objects used in |9j. 



104 



Remark C.l. Let A,B G C^^^? and let z G C. Then one can easily see that 
VaMzWa,b{z) = diag [aa\ A^[A - B{Ig - A^A)] + z{Ig - A^A) 

and 

WA,B{z)yA,B{z) 



AA^ 


BA^A - AA^B 


Ogxp 


A^A + z{Ig - A^A) _ 



Now we are going to study the linear fractional transformation generated by the matrix 
WA,Biz) for arbitrarily given z £ C. 

Lemma C.2. Let A G C^''^. Then: 

(a) The matrix —A belongs to Q[-At,iq-AtA]- particular, Q[-At,iq-A'iA] / ^• 

(b) Let X G CP""" be such that N{A) C N{X) and R{A) C R{X). Then X G 
Q[-At,/,-AtA] and i-A^X + 1,- ^t^)-i = -X^A + I, - AU. 

Proof, (jaj) This follows from -At(-A) + Iq - A^A = Ig. 

dbj In view of Lemma IXSj we have AA^ = XX"^ and A^A = X'^X. Hence, 

{-A^X + Ig- A^A){-X^A + Ig- A^A) 

= A^XX^A - A^X + A^XA^A - X^A + Ig - A^A 

+ A^AX^A - A^A + A^AA^A 
= A^AA^A - A^X + A^XX^X - X^A + I, - A^A + X^XX^A - A^A + A^A 



= A^A - A^X + A^X - X^A + Ig- A^A + X^A = Ig 
This completes the proof of (jb]). 



□ 



Lemma C.3. Let A,B e C^^" and let Wa,b be defined via (fCTll . Let X G C^^^ be 
such that the inclusions N(A) C N(X) and R{A) C R{X) are satisfied. Furthermore, 
let z G C. Then: 



(a) The matrix X belongs to Q[„At,/,-AtA] • Furthermore 

Wa,b{z) 



A{zlg + X^A) + BA^A, 

(p.?) 



and 



R{sl^f^^^^^{X)-BA^A)^R{A). 



(b) If N{A) C N{B), then 



Va,s{2) 



(^) 



-^(z/, + XtA) + B and i? -B)<Z R{A). 
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Proof. In view of part (jb]) of Lemma IC.21 we have X £ Q[-yit,/,-AtA] 
{-A^X + Ig- A^A)-^ = -X^A + Ig- A^A. 



and 



(C.4) 



Because of the choice of X, parts (jaj) and (jb]) of Remark IA.3I yield XA^^A = X and 
XX^A = A, and, in view of ()C.4p . then 



-A^X + Ig- A^A)-'^ 



(zip - BA'^)X + A 
[zip - BA^)X + ^1 {-X^A + Iq- A^A) 

= {zip - BA^)X{-X^A + Iq- A^A) + A{-X^A + Ig - A^A) 

= -{zip - BA^)XX^A + {zip - BA^)X{Ig - A^ A) - AX^ A + A- AA^ A 

= -{zip - BA^)A + {zip - BA^)X{Ig - X^A) - AX^A 

= {zip - BA^) \x{Ig - A^A) -A- AX^A = -{zip - BA^)A - AX^ A 

= -A{zlg + X^A) + BA^A. 

The remaining assertions of (jaj) are immediate consequences of (|C.5p . 
(jbj) follows from (jaj) and part (jaj) of Remark IA.31 



(C.5) 



□ 



Remark C.4. Let A, B £ O^^'i and let z G C. Further, let X £ Q[At,2/,-AtB]- Then 
from (|C.2p we see that 



5;?'''^ jx) 



-A 



zIg + A\X-B) 



and, in view of det[z/g + A^X - B)] / 0, thus R{S^^fl^^^{X)) = R{A). 
Lemma C.5. Let A £ C^""^ and B £ C'^i. Further, let X £ C^^* be such that 



X - B £l, 



N{A) C N{X - B), 



and 



R{X -B)<Z R{A) 



are satisfied. For each z £ 11+, then the following statements hold true: 

(a) Im(X + zA-B)> {lmz)A £ . 

(b) N{X + zA - B) C N{A). 

(c) X + zA- B = A{A'fX + zig - A^B). 

(d) The matrix X belongs to Q[A'f,ziq-A'iB]- Furthermore, 



Va,b{z) 



{X) = -A{X + zA- B)^A 



and 
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Proof. Let z £ C 

(jaj) Because oi A £ C>^'', Im(X — B) £ C>^'', and Imz G (0, +00), we have 



Im(X + - = Im(X - + (Im z)A > (Im E C 



(jb]) From Q and Im z / we get 

N (Im(X + - B)) C AT ((Im = A^(^). (C.6) 

In view of (|aj), we have X + zA — B £ Iq.>- Thus, Lemma lA.91 gives 

N{X + zA- B) {lm{X + zA- B)) . (C.7) 

Now the combination of (|C.7p and (|C.6p yields (jbj). 

(jcj) In view of R{X - B) Q R{A), Remark [Q gives AA^X -B) = X-B. Thus, 

X + zA- B = zA + AA^X - B) = A{A'^X + zlq - A'^B). 

(jd]) We first prove that 

N{A^X + zIq-A^B) = {%^i}. (C.8) 
In view of ([cj), © and A^(^) C N{X - B), we get 

iV(Atx + zig - A^B) C N{X + zA- B)C N{A) C N{X - B). (C.9) 

Let 

V £ N{A^X + zlq- A^B). (C.IO) 

From (ICnoj) and (ICl9l) we get then (X - B)v = Ogxi- Thus, taking again ([ClTnl) into 
account we see 

V = -\zv + A\X - B)v\ = -{A'^X + zla - A^B)v = - • 0„xi = 0„xi. 
z I \ z z 

Thus (|C.8p is proved. Hence 

X ^ Q[Af,zIq-A'iBY 

In view of ([b]) we infer from part (jaj) of Remark IA.3I then 

A[X + zA- B)\X + zA- B) = A. (C.12) 
Using (1C21), (ICITT]1 . (ICn2]l and (jcj) we get 

= -^(X + - B)'f(X + zA- B){A^X + zlq - A^By^ 
= -A{X + zA- B)^A{A^X + zIg - A^B){A^X + zIg - A^B)'^ 
= -A{X + zA- B)^A. 
The last equation implies 

N{A)CN(s!^fljX) 



VA,B{zy 

The proof is complete. □ 
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